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f^ ' Abstract: We study the minimal unitary representation (minrep) of 50(6, 2) over an Hilbert 

OO . space of functions of five variables, obtained by quantizing its quasiconformal realization. The 

^f^ • minrep of 50(6,2), which coincides with the minrep of 50*(8) similarly constructed, corre- 

l/-^ . sponds to a massless conformal scalar field in six spacetime dimensions. There exists a family 

O , of "deformations" of the minrep of 50*(8) labeled by the spin t of an SU{2)t subgroup of the 

little group 50(4) of lightlike vectors. These deformations labeled by t are positive energy 
unitary irreducible representations of 50* (8) that describe massless conformal fields in six 
\^ ' dimensions. The SU{2)t spin t is the six dimensional counterpart of U{1) deformations of 

^ ■ the minrep of AD conformal group SU{2, 2) labeled by helicity. We also construct the su- 

persymmetric extensions of the minimal unitary representation of 50* (8) to minimal unitary 
representations of 05p(8*|2A^) that describe massless six dimensional conformal supermul- 
tiplets. The minimal unitary supermultiplet of 05p(8*|4) is the massless supermultiplet of 
(2, 0) conformal field theory that is believed to be dual to M-theory on AdSy x 5^. 
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1. Introduction 

Unitary representations of noncompact U-duality groups of extended supergravity theories 
were first studied in early 1980s [1-3], motivated by the idea that, in a quantum theory, global 
symmetries must be realized unitarily, as well as by attempts to derive a composite grand 
unified theory (GUT) from A^ = 8 supergravity [4-6]. In the composite model of [4], the local 
R-symmetry group SU{8) of N = 8 supergravity was conjectured to become dynamical at 
the quantum level. A similar scenario based on the exceptional supergravity theory [7] leads 
to Eq GUT with a family group U{1). After the discovery of counter terms at higher loops in 
N = 8 supergravity and the Green-Schwarz anomaly cancellation in superstring theory [8], 
the work on composite models was all but abandoned. Recent work proving cancellations of 
divergences in A^ = 8 supergravity up to four loops [9-18] revived the question of finiteness 
of A^ = 8 supergravity as well as of exceptional supergravity. 

The oscillator method developed in [2], to construct the relevant unitary representations 
of noncompact U-duality groups of supergravity theories, generalized and unified previous 
special constructions in the physics literature. The formulation of [2] was later extended 
to noncompact supergroups in [19] using bosonic as well as fermionic oscillators. In these 
generalized formulations of [2] and [19], one realizes the generators of noncompact groups or 
supergroups as bilinears of an arbitrary number P ("colors") of sets of oscillators transforming 
in an irreducible representation (typically fundamental) of their maximal compact subgroups 
or subsupergroups. For symplectic groups Sp{2n,M) the minimum value of P turns out to 
be one, and the resulting unitary representations are simply the singleton representations, 
which are known as metaplectic representations in the mathematics literature. In general 
the minimum allowed value of P for a noncompact group is two, and the resulting unitary 
representations were later referred to as doubleton representations. For example, for the 



groups SU{n,m) and SO*{2n), with maximal compact subgroups SU{m) x SU{n) x U{1) 
and f/(n), respectively, one finds that Pmin = 2. Symplectic groups Sp{2n,M) admit only 
two singleton irreducible representations (irreps). Noncompact groups or supergroups that 
do not admit singleton representations have an infinite number of doubleton irreps. Since the 
generators are realized as bilinears of free bosonic and fermionic oscillators, tensoring of the 
resulting representations is very straightforward within the oscillator approach. Furthermore 
the oscillator method is simple and yet very powerful for constructing positive energy unitary 
representations. Even though the positive energy singleton or doubleton irreps do not belong 
to the discrete series, by tensoring them one obtains positive energy unitary representations 
that belong, in general, to the holomorphic discrete series representations of the respective 
noncompact group or supergroup. 

The oscillator methods for constructing positive energy unitary representations of non- 
compact groups and supergroups were applied to spacetime supergroups beginning in the 
1980s. The Kaluza-Klein spectrum of IIB supergravity spontaneously compactified over 
the product space AdS^ x S^ was first obtained via the oscillator method by simple ten- 
soring of the CPT self-conjugate doubleton supermultiplet of A^ = 8 AdS^ superalgebra 
PSU{2, 2 I 4) repeatedly with itself and restricting to the CPT self-conjugate short supermul- 
tiplets of PSU{2,2 \ 4) [20]. The CPT self-conjugate doubleton supermultiplet does not have 
a Poincare limit in five dimensions and decouples from the Kaluza-Klein spectrum as gauge 
modes. This led the authors of [20] to the proposal that the field theory of CPT self-conjugate 
doubleton supermultiplet of PSU{2, 2 \ 4) lives on the boundary of AdS^, which can be iden- 
tified with AD Minkowski space on which 5*0 (4, 2) acts as a conformal group. Furthermore 
they pointed out that the unique candidate for this theory is the four dimensional A^ = 4 
super Yang-Mills theory that was known to be conformally invariant. 

The spectra of the spontaneous compactifications of eleven dimensional supergravity over 
^^5*4 X 5^ and AdSj x S"^, that had been obtained by other methods previously, were fitted 
into supermultiplets of the symmetry superalgebras OSp{8 \ 4, M) and 0Sp{8* \ 4) obtained by 
oscillator methods in [21] and [22], respectively. Furthermore, the entire Kaluza-Klein spectra 
of eleven dimensional supergravity over these two spaces were obtained by tensoring the 
singleton and scalar doubleton supermultiplets of OSp{8 \ 4,M) and 0Sp{8* \ 4), respectively. 
The singleton and doubleton supermultiplets themselves do not have a Poincare limit in four 
and seven dimensions and decouple from the respective spectra as gauge modes. Again it was 
proposed that the field theories of the singleton and scalar doubleton supermutiplets live on 
the boundaries of AdS4 and AdSf as super conformally invariant theories [21,22]. 

The importance of these results was not fully realized until the work of Maldacena [23] 
and subsequent works of Witten [24] and of Gubser et al. [25] and have since become an 
integral part of the work on AdS/CFT dualities in M/superstring theory which has seen an 
exponential growth for over more than a decade now. 

Noncompact groups were also introduced into physics as spectrum generating symmetry 
groups during the 1960s. Inspired by the work of physicists on spectrum generating symmetry 
groups, Joseph introduced the concept of minimal unitary realizations of Lie groups in [26]. 



These are unitary representations of corresponding noncompact groups over Hilbert spaces 
of functions of smallest possible (minimal) number of variables. Joseph gave the minimal 
realizations of the complex forms of classical Lie algebras and of the exceptional Lie algebra 
02 in a Cartan-Weil basis. The minimal unitary representation of the split exceptional group 
i?8(8) was first identified within Langland's classification by Vogan [27]. In an important 
paper, Kostant studied the minimal unitary representation of 5*0(4,4) and its relation to 
triality in [28]. A general study of minimal unitary representations of simply laced groups 
was given by Kazhdan and Savin [29] and by Brylinski and Kostant [30,31]. 

The minimal unitary representations of quaternionic real forms of exceptional Lie groups 
were studied by Gross and Wallach [32] and those of SO{p,q) in [33-36]. Pioline, Kazhdan 
and Waldron [37] reformulated the minimal unitary representations of simply laced groups 
given in [29] and gave the spherical vectors for the simply laced exceptional groups necessary 
for the construction of modular forms. The relation of minimal representations of SO{p,q) 
to conformal geometry was studied rather recently in [38]. 

Over the last decade, a great deal of progress was made towards the goal of construct- 
ing physically relevant unitary representations of U-duality groups of extended supergravity 
theories. An additional motivation towards this goal was provided by the proposals that 
certain extensions of U-duality groups may act as spectrum generating symmetry groups of 
these theories. Work on orbits of extremal black hole solutions in A^ = 8 supergravity and 
N = 2 Maxwell-Einstein supergravity theories with symmetric scalar manifolds led to the pro- 
posal that four dimensional U-duality groups act as spectrum generating conformal symmetry 
groups of the corresponding five dimensional supergravity theories [39-44]. In attempts to 
find the corresponding spectrum generating symmetry groups of extremal black hole solutions 
of four dimensional supergravity theories with symmetric scalar manifolds, geometric quasi- 
conformal realizations of three dimensional U-duality groups were discovered in [40] . Based 
on this novel geometric realization, quasiconformal extensions of four dimensional U-duality 
groups were proposed as spectrum generating symmetry groups of the corresponding super- 
gravity theories with symmetric scalar manifolds [40-44] . A concrete implementation of the 
proposal that three dimensional U-duality groups act as spectrum generating quasiconformal 
groups was given in [45-47] using the equivalence of equations of attractor flows of spheri- 
cally symmetric stationary EPS black holes of four dimensional supergravity theories and the 
geodesic equations of a fiducial particle moving in the target space of the three dimensional 
supergravity theories obtained by reduction of the AD theories on a timelike circle [48] . 

Quasiconformal realization of three dimensional U-duality group £'§(8) of maximal super- 
gravity in three dimensions is the first known geometric realization of £^8(8) [40] . Quasiconfor- 
mal action of £"8(8) leaves invariant a generalized light-cone with respect to a quartic distance 
function in 57 dimensions. Quasiconformal realizations exist for various real forms of all non- 
compact groups as well as for their complex forms [40,49]. Remarkably, the quantization of 
geometric quasiconformal action of a noncompact group leads directly to its minimal unitary 
representation as was first shown explicitly for the maximally split exceptional group £'8(8) 
with the maximal compact subgroup 5*0(16) [50]. 



The minimal unitary representation of three dimensional U-duality group -E'8(-24) of the 
exceptional supergravity [7] was given in [51]. 

The minimal unitary representations of U-duality groups F4(4), Eg(2); I^7(-5) ' E8(-_24) and 
SO{d+2, 4) of iV = 2 Maxwell-Einstein supergravity theories with symmetric scalar manifolds 
were studied in [49,51]. In [52], a unified formulation of the minimal unitary representations 
of certain noncompact real forms of groups of type A2, G2, D4, i<4, Eq, Ej, E^ and C„ was 
given. The minimal unitary representations of Sp (2n, M) are simply the singleton representa- 
tions. In [52], minimal unitary representations of noncompact groups SU {m,n), SO {m,n), 
S0*{2n) and SL (?7i,IR) obtained by quasiconformal methods were also given explicitly. Fur- 
thermore, this unified approach was generalized to define and construct the corresponding 
minimal representations of non-compact supergroups G whose even subgroups are of the 
form H X SL{2,M) with H compact. The unified construction with H simple or Abelian 
leads to the minimal unitary representations of supergroups G(3),-F(4) and 0Sp{n\2,M). 
The minimal unitary representations of 0Sp{n\2,M) with even subgroups SO{n) x S'p(2,IR) 
are the singleton supermultiplets. The minimal realization of the one parameter family of Lie 
superalgebras D(2, l;cr) with even subgroup SU{2) x SU{2) x SU{1,\) was also presented 
in [52]. 

In mathematics literature, the term minimal unitary representation refers, in general, to 
a unique representation of the respective noncompact group. The symplectic group Sp{2N, M) 
admits two singleton irreps whose quadratic Casimirs take on the same value. Both of these 
singleton representations are minimal unitary representations, even though in some of the 
mathematics literature only the scalar singleton is referred to as the minrep. Similarly one 
finds that the supergroups 0Sp{M\2N, M) with the even subgroup SO{M) x Sp(2N, M) admit 
two inequivalent singleton supermultiplets [21,53,54]. For noncompact groups or supergroups 
that admit only doubleton irreps, this raises the question as to whether any of the doubleton 
unitary representations can be identified with the minimal representation, and if so, how 
the infinite set of doubletons are related to the minrep. More recently, we investigated this 
issue for 5D anti-de Sitter or AD conformal group SU{2, 2) and corresponding supergroups 
SU{2, 2\N) [55]. We gave a detailed study of the minimal unitary representation of the group 
SU{2, 2) by quantization of its quasiconformal realization and showed that it coincides with 
the scalar doubleton representation corresponding to a massless scalar field in four dimensions. 
Furthermore we showed that the minrep of SU{2, 2) admits a one-parameter family ((") of 
deformations, and for a positive (negative) integer value of the deformation parameter (^, one 
obtains a positive energy unitary irreducible representation of SU{2, 2) corresponding to a 
massless conformal field in four dimensions transforming in(0,^)((— ^,0)) representation 
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of the Lorentz subgroup, SL{2, C) of SU{2, 2). These are simply the doubleton representations 
of SU{2,2) that describe massless conformal fields in four dimensions [56,57]. They were 
referred to as ladder (or most degenerate discrete series) unitary representations by Mack 
and Todorov, who showed that they remain irreducible under restriction to the Poincare 
subgroup [58]. Hence the deformation parameter can be identified with twice the helicity 



h of the corresponding massless representation of the Poincare group. We extended these 
results to the minimal unitary representations of supergroups SU{2, 2 | A^) with the even 
subgroup SU{2,2) x U{N) and their deformations. The minimal unitary supermultiplet of 
SU{2,2\N) coincides with the CPT self-conjugate (scalar) doubleton supermultiplet, and for 
PSU{2,2\4:) it is simply the four dimensional A^ = 4 Yang-Mills supermultiplet. Again in 
the supersymmetric case, one finds a one-parameter family of deformations of the minimal 
unitary supermultiplet of SU{2,2\N). Each integer value of the deformation parameter (^ 
leads to a unique unitary supermultiplet of SU{2, 2 \ N). The minimal unitary supermultiplet 
of SU{2,2\N) and its deformations turn out to be precisely the doubleton supermultiplets 
that were constructed and studied using the oscillator method earlier [20, 56, 57]. These 
results extend to the minreps of SU{m,n) and of SU{m,n\N) and their deformations in a 
straightforward manner. 

In this paper we give a detailed study of the minimal unitary representation of 7D anti- 
de Sitter or 6D conformal group 5*0* (8) = 50(6,2), obtained by quantizing its realization 
as a quasiconformal group that leaves invariant a quartic light-cone in nine dimensions, its 
deformations and their supersymmetric extensions to supermultiplets of OSp{8*\2N). The 
oscillator construction of the positive energy unitary supermultiplets of OSp{8*\2N) were 
first given in [22]. These unitary supermultiplets were further studied in [59,60] where it was 
shown that the doubleton supermultiplets correspond to massless conformal supermultiplets 
in six dimensions. A classification of the positive energy unitary supermultiplets of 6D super- 
conformal algebras using other methods was given in [61,62]. The oscillator construction of 
positive energy representations of general supergroups OSp{2M*\2N) with maximal compact 
subgroup SO*{2M) x USp{2N) was given in [63]. 

The plan of our paper is as follows. In section ^ we review the geometric quasiconformal 
realizations of groups SO{d+2, 2) as invariance groups of a light-cone with respect to a quartic 
distance function in (2d-|-l) dimensional space. The quantization of this geometric realization 
leads to the minimal unitary representation of SO{d + 2, 2) over an Hilbert space of functions 
in d-l- 1 variables. We then specialize and study the case of 50(6, 2) in great detail in section 
y. In section ^, we study the minimal unitary realization of 50* (8) which is isomorphic 
to 50(6,2). The transformations relating the 50*(8) basis to that of 50(6,2) is given 
in Appendix 0. Section ^ discusses the properties of a distinguished 5C/(1, 1) subgroup of 
50* (8) generated by singular (isotonic) oscillators. We then give the K-type decomposition^ 
of the minrep of 50*(8) in section and show that it coincides with the K-type decomposition 
of scalar doubleton representation corresponding to a massless conformal scalar field in six 
dimensions that were studied in [22,59,60]. Section R reviews the fermionic construction of 
relevant representations of USp{2N). 

In section |8| and section 0, we give the minimal unitary realization of the superalgebra 
OSp{S*\2N) with even subgroup 50*(8) x USp{2N) obtained from quantizing its quasicon- 



formal realization. Section 10 presents the minimal unitary supermultiplets of 05p(8*|2A^). 



^K-type decomposition is the decomposition with respect to the niEixinial compact subgroup. 



We devote a special subsection to the minimal unitary supermultiplet of OS'p(8*|4), which is 
the symmetry supergroup of M-theory compactified over AdS^ x S^ and show that it coincides 
with the (2,0) doubleton supermultiplet studied in [22,59,60]. M-theory compactified over 
AdSy X S^ is believed to be dual to a (2, 0) six dimensional superconformal theory based on 
this supermultiplet. 

We then study the general deformations of the minrep of SO* (8), independently of su- 
persymmetry, in section |l^, and show that there exist an infinite family of deformations 
labeled by the spin t of an SU{2) o subgroup of the semi-simple part of the little group 50(4) 
of massless states in six dimensions. For every spin value i, one obtains a positive energy 
unitary irreducible representation of 50* (8) corresponding to a massless conformal field in 
six dimensions with Dynkin labels (2t, 0, 0) with respect to the covering group SU*{4) of the 
six dimensional Lorentz group 50(5, 1). The SU{2) spin label t for deformations is the 6D 
analog of the helicity label for deformations of the minrep of 4Z) conformal group [55] . 

2. Quasiconformal Realizations of SO (d + 2, 2) and Their Minimal Unitary 
Representations 

2.1 Geometric realizations of 50 (d + 2, 2) as quasiconformal groups 

Lie algebra of the {d + 2) dimensional conformal group SO {d + 2, 2) can be given a 5-graded 
decomposition with respect to its subalgebra 5o{d) ©5o(l, 1) [49] 

so (d + 2, 2) = l(-2) © (d, 2)(-^) © [A © sp (2, M) © so (d)] © (d, 2)^+^'> © l(+2) (2.1) 

where A is the 50(1, 1) generator that determines the five grading. The superscript m labels 
the grade of a generator: 



A,0^"*^ =7710^'"^ (2.2) 

In the above decomposition, (d,2)^'"^ labels the generators transforming in the (d, 2) repre- 
sentation of SO{d) X Sp{2, M) with grade m. Generators of quasiconformal action are realized 
as differential operators acting on a (2d+l) dimensional space T corresponding to the Heisen- 
berg subalgebra generated by the elements of g^"^-* © g^~^^ subspace. We shall denote the 
coordinates of the space T as X = (X*'°, x) , where X*'" transform in the {d, 2) representation 
of SO{d) X Sp{2, R), with i = 1, 2, . . . , d and a = 1, 2, and x is a singlet coordinate. 

Let e^^ be the symplectic metric of 5p(2,M) and rjij the SO{d) invariant metric (r/y = 
—5ij). Then the quartic polynomial in X*'" 

X4(^) = VijVkiea^epsX''''X^'^X^'''X''^ (2.3) 

is invariant under SO{d) x 5p(2,M) subgroup. 

We shall label the generators belonging to various grade subspaces as follows 

so(d + 2, 2) = E:_ © Ui,a © [A © Ja^ © Mij] © Ui^a e K+ (2.4) 



where J^/j and Mij are the generators of Sp{2,M.) and SO{d) subgroups, respectively. The 
infinitesimal generators of the quasiconformal action of SO{d + 2, 2) take on the form 
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A = 2x^ + X*'"-^ 
dx ax*'" 

^i,a = \Ui,a , K^\ 

where e"^ is the inverse symplectic metric such that e'^^e^.y = S"'^. Using 

5X4 



ax*'' 



-4r/,j7?fc,X^'/'X^'TX'''^e;3^e, 



one obtains the explicit form of grade +1 generators [/*'": 



t/,:. 



mjeaS [mep'yX^'^X''^X''' - xX^ 
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dx "^ ^ax*'" 
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e^xX'^'-^X^'^- 
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-??ije«;3X-''^X^'T^^^-r/j-fce„5.. .. ^^.^ 
+ ^..e^.X'^'-X^-'/'^ + %e,,X^'/^X^'-^ 
The above generators satisfy the following commutation relations: 
[Mij , Mki] = r]jk Mil - Vik Mji - r]ji Mik + r]u Mjk 

[JafS ) J-yS] = £7/3 JaS + £70 «^/3<5 + e<5/3 Jay + ^Sa Jp-y 



[A,i^±] = ±2i^± 
[A , C/i,J = -C/i,„ 

[Ui^a , K+] = Ui^a 

[Ui^a , Uj^ib] = 2riijeap K^ 

[Mij , Uk,a] = Vjk Ui^a — Vik Uj^a 
[JaP , Ui^-y] = e^p Ui^a + £70 Ui^iS 



[K- ,K+] = A 



A,f/, 



Ui^a , K^ 



^i,a 



-u, 



i,a 



Ui^a , Uj^p — 2 rjijEaiS K+ 
IVlij , Uk^ct — ^jk ^i,a Vik '-' j,a 



(2.5) 



(2.6) 



(2.7) 



(2.8a) 



(2.8b) 



(2.8c) 



Ui,a , Uj^j3 = riij€ai3 A - 2 e^/? Mij - rjij Jap (2.8d) 

One defines the quartic norm J\fi{X) of a vector X = (X*'", x\ in T as 

Mi{X):=Zi{X) + 2x'^ (2.9) 

and tlie "quartic distance" between any two points with coordinate vectors X and y as 

d{X,y):=NA{5{X,y)) (2.10) 

where 5 (Af, 3^) is the "symplectic" difference of two vectors X and y in the (2d+l) dimensional 
space T given by [40,49] 

5 {X, y) := (X^'" - y*'" , X - y - 77i,e,;3 X^'^y^'^) . (2.11) 

Under the quasiconformal action of the generators of SO{d + 2, 2) the quartic distance 
function transforms as: 

^d{x,y) = Ad{x,y) 

Ui,ad{X,y) = -27]^jeaf3 {^X^'^ + Y^'^^ d {X ,y) 

K+d{X,y) = 2{x + y)d{X,y) 
Mijd{X,y) = (2-12) 

j^pd{x,y) = o 
u^,adix,y) = o 
K_d{x,y) = o 

They imply that light-like separations 

d{x,y) = o 

are left invariant under the quasiconformal action. In other words, the quasiconformal action 
of SO{d + 2, 2) leaves the "light-cone" in T with respect to the quartic distance function 
invariant. 

2.2 Minimal unitary representations of SO {d + 2, 2) from quantization of their 
quasiconformal realizations 

Minimal unitary representations of noncompact groups can be obtained by the quantization 
of their geometric realizations as quasiconformal groups [47, 49-52] . In this section we shall 
review the minimal unitary representations of orthogonal groups SO{d + 2, 2) thus obtained 
following [49,52]. Let X^ and P^ be the quantum mechanical coordinate and momentum 
operators on MS > satisfying the canonical commutation relations 

[X\P,]=i5]. (2.13) 



The generators belonging to the subspace g^ ^^ © g^ ^> of the Lie algebra of SO{d + 2, 2) form 
an Heisenberg algebra 

[Ui,a,Uj,ls] = 2riijea^K_ (2.14) 

with K- playing the role of the central charge. We shall relabel the generators and define 

Ui,i = Ui Ui,2 = Vi (2.15) 

and realize the Heisenberg algebra (equation ( p.l4D ) in terms of coordinate and momentum 
operators X*, Pi and an extra "central charge coordinate" x as 



Ui = xP, V = xX' 

1 o (2-16) 

2 



K_ = -x^ 



[V\Uj]=2i6iK_ (2.17) 

By introducing the quantum mechanical momentum operator p, conjugate to the central 
charge coordinate x, such that 

[x,p] = i (2.18) 

one can realize the generators of SO{d) x Sp{2, M) x SO{l, 1) subgroup belonging to the grade 
zero subalgebra of 5o{d + 2, 2) as bilinears of canonically conjugate pairs of coordinate and 
momentum operators [49,52]: 



Mij = 


-i 6ikX^Pj + i 6jk 
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Pi 
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^ {X'Pi + PiX') 






J- = 


-6,jX'X^ 






J+ = 


-5'^np, 






A = 


- {xp + px) 







(2.19) 



The generators Mij of SO{d) satisfy the commutation relations 

[Mij , Mki] = -6jk Mil + Sik Mji + 6ji Mik - du Mjk (2.20) 

and the generators Jq and J± of Sp{2, M) satisfy 

[Jo , J±] = ±2i J± [ J_ , J+] =4iJo. (2.21) 

Note that the compact generator of this S'p(2,M) is (J+ + J_). 

The coordinate X* and momentum Pi operators transform in the vector representation 
of SO{d) subgroup generated by Mij and form doublets of the symplectic group Sp{2,R): 

[Jo , V^] = -^ V^ [J- ,V^]=0 [ J+ , V^] = +2^ 5^^ U, 

[Jo , Ui] = +i U [J- , Ui] = -2i 6^j V^ [ J+ , C/i] = 
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There is a normal ordering ambiguity in defining the quantum operator corresponding to 
the quartic invariant. We shah choose the quantum quartic invariant given in [49]: 



- {X'Pi) (PjX^) - [PrX") (X^P,) 



(2.23) 



In terms of the quartic invariant, the grade +2 generator K-^- of SO{d + 2, 2) takes the form 



1 



1 



^+=2^^ + 4.2 



X4 + 



d2 + 3 



(2.24) 



Then grade +1 generators are obtained by the commutation of grade —1 generators with Kj^: 



U, = -i [U, , K+] 

which expUcitly read as follows: 

1 



V 



[V\K^ 



(2.25) 



U,=pPi-— 5^,5'^' [X^PkPi + PkPiX^) 

2x ' 



1 

4a; 



1 
2^ 

^ [X^ (X^P, + P,X^) + {X^P, + P,X^) X^] 



V =pX' + ^ 5'^ki ( PjX'^X^ + X'^X^Pj 



(2.26) 



Conversely we also have 



V\ K_ 



Ui 



Ui,K. 



(2.27) 



The generators in 0^+^^ © 0^^^^ subspace form an Heisenberg algebra isomorphic to equation 

(2.28) 



(2T7): 



V , U, 



2i 5] K^ 



Commutators [g^ ^' , 0^^"*^^] close into grade zero subspace g^^': 



Ui , Uj 
V' , Uj 

Ui , v^ 



-2 5'''Mkj+i5iiJo + A) 
+2P^Mik + i6i{Jo-A) 



■.5'U- 



(2.29) 



A is the generator that determines the 5-grading: 

[A , U^] = -i [/, 

A,Ui] = +i Ui 



[A, K±] = ±2iK± 
[A , V'] = -i V' 



(2.30) 



A,V' 



+iV' 
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We note that in this realization, the generators Mjj are anti-hermitian and ah the other 
generators of SO{d + 2, 2) are hermitian. 

The quadratic Casimir operators of subalgebras 5o{d) and sp(2,IR)j of grade zero sub- 
space, and 5P{2,'R)k generated by K± and A are given by 

MijM'^ = -X4 - 2d 
J-J+ + J+J- - 2 (Jo)' = ^4 + y (2.31) 

1 1 r/2 

+ + 2 4 8 

They all reduce to the quartic invariant operator X4 modulo some additive constants. Fur- 
thermore, grade ±1 generators belonging to the coset 

SO{d + 2,2) 
SO{d) X 50(2,2) 

satisfy the identity 

UiV' + V% - V% - UiV' = 2Ii + d{d + 4) (2.32) 

in the above realization. The above relations prove the existence of a family of degree 2 
polynomials in the enveloping algebra of 5o{d + 2,2) that degenerate to a c-number for the 
minimal unitary realization, in accordance with Joseph's theorem [26]: 

MijM'^ + Ki (^J^J+ + J+J^ - 2 (Jo)2) + 4k2 (k_K+ + K+K_ - ^A^ 

-^{^1 + 1^2- 1) (UiV' + V% - V% - UiV') (2-33) 

= -d[d - A {K1 + K2)] 

The quadratic Casimir of so((i + 2, 2) corresponds to the choice 2^1 = 2^2 = — 1 in ( p. 331) . 
Hence the eigenvalue of the quadratic Casimir for the minimal unitary representation is equal 
to -^d (d + 4). This minimal unitary representation is realized over the Hilbert space of square 
integrable functions in {d + 1) variables. 

3. Minimal Unitary Realization of S'0(6, 2) over the Hilbert Space of L^ 
Functions in Five Variables 

We shall specialize the minimal unitary realization of SO{d + 2, 2) given above to the case of 
50(6,2). The corresponding 5-grading of the Lie algebra of 50(6,2) is with respect to its 
subalgebra g(°) =so(4) esp(2,M) eso(l,l): 



(-2) rft „{-l) ffi \,,n(A\ m Gli('9 ro^ m cn(^ 1 M m n(+l) ffi n(+2) 



so(6, 2) = 0^-^^ e g^-^^ e [so(4) sp(2, M) © so(l, 1)] © g 



= K_® [Ui © V'] © [Mij © J±,o e A] 
where i,j,--- = 1,2, 3,4. 



Uiev 



K. 



(3.1) 
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3.1 The noncompact 3-grading of SO{6, 2) with respect to the subgroup SO{5, 1) x 
50(1,1) 

Considered as the six dimensional conformal group, 5*0(6,2) has a natural 3-grading with 
respect to the generator T> of dilatations whose eigenvalues determine the conformal dimen- 
sions of operators and states. Let us denote the corresponding 3-graded decomposition of 
so(6, 2) as 

so(6,2) =9T"eOT°©9T+ (3.2) 

where ^^ = so(5, 1) © so(l, 1)t> with the subalgebra so(5, 1) in ^^ representing the Lorentz 
algebra in six dimensions. The noncompact dilatation generator so(l, l)x) is given by 

V = ^iA + Jo) = ^{xp + px + X'P, + P,X') (3.3) 

and the generators belonging to 01 and 01^ are as follows: 

91- = i^_ © J_ © V' 



91° = P © ^ (A - Jo) © M,j ®U^®V' 


(3.4) 


01+ = i^+ © J+ © Ui 




The Lorentz generators Ai^y {p,iy,- ■ ■ = 0, 1, 2, . . . , 5) are given by 






(3.5) 


and satisfy the so (5, 1) commutation relations 




[Mf,y , Mpr] = i {VupMf,r - VpipMuT - VurMf^p + Tj^^rMyp) 


(3.6) 


where r]^^^ = diag(— , -|-, -|-, -|-, -|-, -|-). The six translation generators V^ (/U = 0, 1, 2, . . 
the conformal group 50(6, 2) are given by 


, . , 5) of 


V^ = K+-]^J+ V^ = U^ (i = 1,2,3,4) V5 = K+ + ^.U 


(3.7) 


and the special conformal generators /C^ (/U = 0, 1, 2, . . . , 5) are given by 




ICo = -^J^+K_ lCi = -V' (z = 1,2,3,4) jC^ = -lj_-K_. 


(3.8) 



These generators satisfy the commutation relations of 50(6, 2) as the six dimensional con- 
formal algebra: 

[Mpt, , Mpr] = i {riupMpr - rippMyr - VurMpp + Vpr-Mup) 

[Pp , Mup] = i ir]pu Vp - r]^p Vi,) 
[K-p , Mup] = i {ripu ICp - rj^p /C^) 
[V,Mp.,] = [P^ , v.] = [/C^ , /C,] = 
[V,Vp] = +iVp [V,ICp] = -ilCp 

[Vp,)C^] = 2i{r]p^V + Mp^) 
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We should note that the 6D Poincare mass operator vanishes identicahy 



M' 



V^.uV^'V'' = 



(3.10) 



for the minimal unitary realization given above. Hence the minimal unitary representation of 
5*0(6,2) corresponds to a massless representation as a six dimensional conformal group. We 
shall refer to the above 3-graded decomposition as the noncompact 3-grading. 

3.2 The compact 3-grading of 5*0(6, 2) vi^ith respect to the subgroup 50(6) x 50(2) 

The Lie algebra so (6, 2) has a 3-grading with respect to its maximal compact subalgebra 
C° = so (6) ©so (2), determined by the so (2) generator 



such that 



and satisfy 



2 



(K++i^^)-^(j+ + j_: 



In this decomposition: 



so(6,2) = 



[so(6)©so(2)]©e:^ 



(3.11) 

(3.12) 
(3.13) 



M,;, 



£0=30(6) ©SO (2) 



g:+ = [A-i{K+-K^)] 



{K+ + K^) + \{J+ + J^) 



U, 



kjV' 



U, + 5,,V^ 



Jo-'- (J+ - J_) 



{K+ + K 
"1 



( J+ + J- 



2 ,Ui + 6ijV^ 



^,U,-6,,V^ 



^(Ui + 5ijV^^ + '-iU,-5i,V^ 



Ji] I 



(3.14) 



Note that in the above 3-grading, the operators belonging to C"*" are Hermitian conjugates 
of those belonging to C^. In the corresponding minimal unitary realization one takes only 
the hermitian linear combinations of these operators as generators of so (6, 2). The generator 
H is the conformal Hamiltonian or the AdS energy depending on whether one is considering 
50(6,2) as six dimensional conformal group or the seven dimensional AdS group. We shall 
refer to this grading as the compact 3-grading. 

The so(6) generators Mmn {M, A^, • • • = 1, 2, . . . , 6) in grade zero subspace (t^ are given 
by 

Mi5 



Mij = i Mij 



\[^r-h'^' 



M 



i6 



\[V^'^h3y' 



M. 



56 



1 



(K+ + K_) + -(J+ + J_) 



(3.15) 
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and satisfy the so (6) algebra 

Mmn , MpQ = i [SnpMmq - SmpMnq - 5nqMmp + ^mqMmp] ■ (3.16) 



To give the decomposition of the minrep of SO{&^ 2) into its K-finite vectors of its maximal 
compact subgroup 5*0(6) x SO{2) we shall define the oscillators 



<^^ = ^{X^+^P^) 



1 



or conversely 



X' 



^ 



(4 + C^) 



cl = ^{X^-^Pi) 



^'~ V2 (""'^ "' 



These oscillators satisfy the commutation relations 



Ci ■) C- 



(3.17) 
(3.18) 
(3.19) 



The quartic invariant operator X4 takes on a simple form in terms of these oscillators: 

2 
-8 

(3.20) 



'^i'^j '^j'^i 



-MijMij - 8 



The so (2) generator in ^^, that determines the 3-grading and plays the role of the AdS 
energy [22,59,60], is given in terms of x, p and oscillators q, cj as: 



2 



(i^+ + K-)-^(J+ + J-) 



- (x2 + p2) + _clc^ - ^ y.^.j - o^- 



t t ^^ 3 

CCi-C\Ci] + — -^ + 1 



(3.21) 



16 x^ 



We can also write the so (6) generators Mmn in terms of these oscillators as follows: 



Mij = iMij 



'Uj - 4' 



1 



Mi. = - Ui- 5iiV^ 



(x + ip) c\ 



2^/2 
Mi^ = \{Ui + 5ijV^ 



{x -ip)ci 



2^/2 



2^f2: 



4cj-c]cij [C'j+Cj] + 



3i 



4y/2x 



^ iX + tp) C H 1= [X - ip) Ci r: 

2V2 2^/2 " "" 



cU-i - cUi) (cj -Co I + 



2^/2x V^^^^ ^^-^V V^^- ^V ' 4V2 



X 



C + Ci 



C - Ci 



1 



(i^+ + K_) + -(J+ + J_) 



1 



- [x + P ) - -c-c 



c\Ci - d-Ci] + 



8x2 V^^-^ -i 



16x2 



(3.22) 
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Six operators that belong to the grade +1 subspace (t^ have the following form in terms 
of these oscillators: 



1 r 

2 



U^ + 5^JV^ -i[U,-5,jV^ 



-= {x-ip)c\ 



+ 



2^/2: 



4 (^l^i ~ 4^0 + (4cj - c]ci) c] 



(3.23) 



/^-i{K+-K.)='-{x-ipf + ^ 



t t \2 9 



and those that belong to the grade —1 subspace 't are given by 



^l ^ uij 



Ui + 6,,Vn+i Ui-d^,V^ 



'I uij i 



'V2 



(x + ip) Ci 



+ 



-/o - 2 iJ+ - J- 



2^x L 

% CiCi 



Cj [cUj - c]ci) + (cfci - c]cij Cj 



(3.24) 



A + iiK+-K.) = -^{x + ipf-^ 



t t \^ 9' 



One could also give a decomposition of 50(6,2) with respect to the subgroup 50(4) x 
SO{2, 2), which we present in appendix ^. 

4. Minimal Unitary Representation of SO* (8) 

The groups S0{d + 2, 2) have supersymmetric extensions which are in general supergroups of 
the form OSp{d + 2, 2 | 2n,M) with even subgroups S0{d + 2, 2) x Sp{2n,R). The supergroups 
whose even subgroups are products of two simple noncompact groups do not, in general, 
admit any unitary representations. Furthermore, if the group SO{d + 2,2) is considered as 
a conformal group in {d + 2) dimensions or as anti-de Sitter group in (d + 3) dimensions, 
its factor group in its supersymmetric extension is the i?-symmetry group which must be 
compact [64]. Remarkably, either the existence of exceptional superalgebras or certain special 
isomorphisms allow such possibilities for special values of d. The group 50(5,2) has an 
extension to the exceptional supergroup -F(4) with even subgroup 50(5,2) x SU(2) which 
admits positive energy unitary representations. The covering group of 50(4, 2) is the group 
SU{2, 2) which extends to an infinite family of supergroups 5f/(2, 2| A^) with even subgroups 
SU{2, 2) X U{N) that admit positive energy unitary representations. Similarly isomorphism 
of 50(3,2) to 5p(4, M) allows extension to supergroups 05p(A^|4,M) with even subgroups 
5p(4,M) X SO{N) that admit positive energy unitary representations. Since 50(2,2) is 
not simple, one finds a rich family of supersymmetric extensions that admit positive energy 
unitary unitary representations that were studied in [65]. Similarly, the Lie algebra of 50(6, 2) 
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is isomorphic to that of 5*0* (8) which have extensions to supergroups 05*^(8*1 2 A^) with even 
subgroups 5*0* (8) x USp{2N) that admit positive energy unitary representations.^ Hence 
we win now study the minimal unitary reahzations of 5*0* (8) and their supersymmetric 
extensions in the subsequent sections. 

4.1 The 5-grading of SO* (8) vi^ith respect to the subgroup SO* (4) x SU{2) x SO{l, 1) 

The noncompact Lie algebra so* (8) has a 5-grading with respect to its subalgebra so* (4) © 
su(2) ©so(l, 1), where the so(l, 1) generator A defines the 5-grading [52]: 

so*(8) = g(-2) © 0(-^) © [so*(4) © su(2) © A] © g(+i) © g(+2) (4.1) 

such that 

A, fl^™)] =mg(") (4.2) 

In this decomposition, q^ ' subspaces are one-dimensional, and g^ ' subspaces transform in 
the (4,2) dimensional representation of SO*{A) x SU{2). Since S0*{4) = SU{1, 1) x SU{2), 
the grade zero subalgebra SU{1, 1) x SU{2) x SU{2) x 50(1, 1) is also isomorphic to that of 
50(6,2). 

For the study of the minrep of 50*(8) we shall relabel the oscillators introduced in 
the previous sections as am, bm and their hermitian conjugates a'" = {a„i) , b"^ = (bm) 
(m,n, ••• = 1,2) 



^ (X™ + iP™) a™ = ^(X™-zP„ 



V2' ' "" V2 



(4.3) 



so that 



X^ = ^{a^ + am) Pra = ^{aJ^-am) 

^2+m = i= (5™ + 6„) P2+™ = ;7| (^" - &-) • 

They satisfy the commutation relations 



(4.4) 



[arn , a"] = C [bm , 6"] = C • (4.5) 

Then the generators of su(2) of q^^' that commute with so* (4) can be realized as follows: 

5+ = a™6„ S^ = {S+)^ = ajr 5o = ^ (iV„ - A^t) (4.6) 

where Na = aJ^am and Ni, = b"^bm are the respective number operators. We denote this 
subalgebra as su(2)5. Its generators satisfy: 

[5+,5_] = 2 5o [So,S±] = ±S± (4.7) 



^As such it belongs to an infinite family of supergroups OSp{2M*\2N) with even subgroups SO*{2M) x 
USp{2N) whose positive energy unitary representations were studied in [63]. 
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The quadratic Casimir of 5u(2)5 is given by 

C2 [su{2)s] =S^ = So^ + ^ {S+S. + S-S+) 



liNa + Nf,) 



\ (iVa + iVfe) + 1 



(4.8) 



where square bracketing a[„6„] = \ iambn — Cnbm) represents antisymmetrization of weight 
one. 

We shall label the simple factors of so*(4) subalgebra that commutes with su(2)s' as 

so*(4) = su(2)a e 5u(l, 1)n (4.9) 

and denote the generators of 5u(2)yi and su(l, l)iy as A±fi and N±fi, respectively. In terms 
of the above a-type and 6-type oscillators, these generators have the following realization: 



A+ = a^a2 + 6^62 
A. = (^+)t 



U2 „2il 



aia + bib 



1 



Aq = - [a^ai - c?a2 + 6^61 - bHq) 



N+ = a'¥ - a'b 

iV_ = (iV+)^ = 0162 - 0261 

No = \ {Na + iVfe) + 1 



(4.10) 



[N^,N+] = 2No 
[No , N±] = ±N± 



They satisfy the commutation relations: 

[A+,A.]=2Ao 
[Ao , A±] = ±A± 

The quadratic Casimirs of these subalgebras 

C2 [5u{2)a] =A'' = Ao^ + ^ {A+A^ + A^A+) 
C2 [su(l, 1)n] =M^ = No^-^ {N+N_ + N_N+) 
coincide and are equal to that of 5u{2)s' 



(4.11) 



(4.12) 



(4.13) 



The transformations relating the 50* (8) oscillators a^ and bm to the 50(6, 2) oscillators 
Cj are given in Appendix ^. 

The generator that defines the 5-grading can be written as 



A = - {xp + px) 



and the Q^ ' generators are realized as 
K_ = -x^ 



K. 



-/^^.^^S^^l 



(4.14) 



(4.15) 
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These three generators form another su(l, 1)k subalgebra 

[K^ , K+] = iA [A , K±] = ±2i K± 

with the quadratic Casimir operator 

C2 [su(l, 1);,] = /C2 = \{K+K^ + K^K+) - ^A2 = 52 . 

The eight generators that are in Q^^^' subspace take the form 









and together with K^ form an Heisenberg algebra: 

The generators in q^'^^' are obtained from the commutators [g*-^"'^^ , fl^'''^'*] : 
~ , , -^ /- \t 

Um = I [Urn , K+\ 
Vm = i[Vm, K+] 

ExpUcitly they are given by 



ym 



t 



Vrr 



i y™ , K^ 





Um 


= -pUm- 


2i 
f — 

X 


(^0 + 

A 


3\ 


m + 'J — Om, 




X 


\ f 3\ 




~ 2i 

Vm = -pbm 

X 


Y 3\ 

So — — ] bm — Sj^Qm 

A 4y 




X 


LV 4y 




and also form another Heisenberg algebra with K^^- as its "central charge" : 




'Um , u^' 


= 


K^,^" 


= ^CK+ 




^m 5 ^n 


= 


Vm , Vn 


= 


The commutators Q^^"^' , g*-^^' take the following form: 




'Ura , kJ 


= iUm 


U"',K^ 


= i?7" 




Vra , kJ 


= iVm 


y™ , i^_" 


= iy™ 



(4.16) 



(4.17) 



(4.18) 



(4.19) 



(4.20) 



(4.21) 



(4.22) 



(4.23) 
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Finally, the non-vanishing commutators of the form [g*- ^' , 0^^^'] are as follows: 



u^, 


^n 


= -CA-2z 


c 


No 


- 


2 


iS^So 


- 


-2zA^^ 


Vra, 


yn 


= -CA-2i 


5" 


No 


+ 2i6lSo-2iA^^ 


Um, 


yn 


= -2zC5- 








V„, , [/" 


= -2.C5+ 


Um 


, K 


= -2iemnN- 








rm 1 '-'n 


= +2i Emn N- 



(4.24) 



where we have labeled the generators of su(2)yi as A™^: 
A\ = -A\ = Ao A\ = A+ 



.1 ^t 



A\ = {A\y = A^ (4.25) 



and denoted the completely antisymmetric tensor by e^n (ei2 = +!)• 

With the generators defined above, the 5-grading of the Lie algebra so* (8), defined by 
A, takes the form: 

so*(8) = 1 e (4,2) e[su(2)Aesu(l,l)ivesu(2)5eso(l,l)A]© (4,2) © 1 

= K_® [Ura , f/™ , VW , V^™] © [ A±,o © iV±,o © ^±,0 © A ] (4.26) 



JJ U"^ V V^' 



K: 



As expected, the quadratic Casimir of 50*(8), given by 

C2 [so*(8)] = C2 [5u{2)s] + C2 [su{2)a] + C2 [su(l, l)Ar] + C2 [su(l, 1)k] - \t (U, V) (4.27) 
where 

jr {U, V) = {UmU"" + Vj/"" + U'^Um + y'^Vrr, 

reduces to a c-number, —4. 



(4.28) 



4.2 The noncompact 3-grading of 5*0* (8) with respect to the subgroup SU*{A) x 

50(1,1) 

Considered as the six dimensional conformal group, S'0*(8) has a noncompact 3-grading 
determined by the dilatation generator T>: 



so* (8) = ai"©OI°©ai^ 



where ^ = su*(4) © so(l, 1)d and 



P = -[A-i(iV+-iV_)]. 



(4.29) 



(4.30) 
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The generators that belong to OT^ and 0T° subspaces are as follows: 

1 



m- = K^ 



No-^ {N+ + N^ 



e {u^ - V2) © (t/2 + Vi) © {v^ + U2) © {V^ - Ui) 

01° = P © ^ [A + i (iV+ - N^)] © S±,o © ^±,0 

© {U^ + 1^2) © {U^ - Vi) © {V^ - U2) © (F^ + Ui) 
U^ - V2) © f f/2 + Fi) © (v^ + [72) © f F^ - Ui 



^+ = K, 



U^ + V2) © f ^72 - Vi) © f yi - C/a) © (V^ + Ui 



Since su*(4) ~ so (5, 1), we find that the Lorentz generators Ai^u (/U, i^, 
in six dimensions are given by: 



M 



01 



1 

4 L 



[U^ + V2) + {V^ + Ui)+i ( C/i - ^2 ) + i (V^ - Ui 



M02 = -^ L 



(f/i + Y2) - (y^ + C/i) + i [V^ -V2\-i (V^ - U: 



Mo3 



M 



15 



1 

4 L 



(c/2 - Fi) + (yi - c/2) + i ( t/2 + Fi ) + i ( yi + c/2 



^t/2 - Vi) - (V^ - c/2) + i ( c/2 + Vi]-i (v^ + [/: 



A^25 = ^ L 



[u^ + V2) + (y=^ + Ui)-i (u^ -V2j-i (v^ - Ui 
[u^ + V2) - {v^ + Ui)-i (u^ - V2) + i (v^ - Ui 



M 



35 



(c/2 - Vi) + (yi - c/2) - i (c/2 + Vi) - i (yi + c/^ 



M 



1 r 



45 



7W 



12 



4 
5o + Ao 



rC/2 - Vi) - iV^ - C/2) - i ( C/2 + Vi]+i (v^ + C/; 



(4.31) 



0,1,2,... ,5) 



-^13 = -{S+ + S-+A+ + A^ 



M2A = -l{S+ + S--A+-A^) 



M23 
/W34 



-{S+-S^+A, 
Sn-A 



A) 



0-^0 



Mo5 = ^[^ + i{N+-N^)] 
These Lorentz generators satisfy the so (5, 1) commutation relations 

[M^u , Mpr] = i {-rivpM^r - r]^pMuT - llurMpp + r]^rMup) 



(4.32a) 



(4.32b) 



(4.32c) 



(4.32d) 



(4.33) 
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where rj^i, = diag(— , +,+,+,+,+). The six generators of grade +1 space are the momentum 
generators 7^^, and the six generators of grade —1 space are the special conformal transfor- 
mations /C^ (^ = 0, 1, 2, . . . , 5): 



Vi 

V5 = K. 



1 r 
2 

i 

2 

i 

2 



U^ + V2) + (v^ + f/i 

U^ -Vi 



/Cn 



A^n 



-{N++N^] 



+ K^ 



U^ -Va 



V' + Ui 
V^ -U2 



/Ci = '- [{u^ - V2) + {v^ - u,)] 
[{U' - V2) - {V' - u,)] 

[{U' + V,)-{V' + U2)] 



No + - (iV+ + N. 



/C2 = - 







2 




1 


/C3 = - 






~2 




i 


AJ4 = - 






2 


/C5 = 


N 



(4.34) 



o_i(Ar^+Ar_) 



e:_ 



Together with the generators Muu and P, they satisfy the commutation relations: 



[V,V^]=+iVf, 



['D,fC, 



-iJC,. 



[P^ , Mup] = i {ri^,u Vp - r]pp Vu) 

[K,p , Myp]=i {r]^y K,p - TTj^p K,y) 

[Vp,}C^]=2i{r,^^V + Mp^) 



(4.35) 



It is also important to note that the six dimensional Poincare mass operator vanishes 
identically 



M^ = rip^V'V'' = 



(4.36) 



for the minimal unitary realization of SO* (8) given above. 

In Appendix y, we give the compact 3-grading of 5*0* (8) with respect to the maximal 
compact subgroup SU{4) x U{1)e'- 



50*(8) 



e:+ 



where the u{1)e generator H that determines the compact 3-grading is 



H = No + -{K+ + K.) 



(4.37) 



(4.38) 



It is the AdS energy operator or the conformal Hamiltonian when SO*{S) is taken as the seven- 
dimensional AdS group or the six-dimensional conformal group, respectively. It should also be 
pointed out that, in the earlier noncompact 3-grading with respect to 51° = su*(4)©so(l, I)©, 
this AdS energy corresponds to | (/Co + Vq). (See equation ( [4.341) .) 
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In Appendix ^ we also give the decomposition of the Lie subalgebra 5u(4) of G^^ with 
respect to its subalgebra 5u(2)s ® 5u(2)yi © u(l) j where the U{1) charge 

J = No-^{K+ + K^) . (4.39) 

is equal to | (/C5 —V5) in the above noncompact 3-grading with respect to ^^ = su*(4) © 
50(1, l)x). (See equation ( [1.34D .) 



5. Distinguished SU{1, 1)k subgroup of 5'0*(8) generated by the isotonic (sin- 
gular) oscillators 

Note that in terms of the oscillators Um, bm (and their respective hermitian conjugates a"*, 
b"^) and the coordinate x and its conjugate momentum p, the u(l) generator H (as given in 
equation ( 4.381) ) has the following form: 



= Ha + Hh + Hq 

This H plays the role of the seven dimensional AdS energy operator or the six dimensional 
conformal Hamiltonian. Ha and Hi, are the contributions to the Hamiltonian from a-type 
and 6-type oscillators, that correspond to standard non-singular harmonic oscillators. On the 
other hand, Hq is the Hamiltonian of a singular harmonic oscillator with a potential function 

V{x) = ^ where G=-(^S'^ + -\. (5.2) 

x^ 4 \ 2 J 

Hq also arises as the Hamiltonian of conformal quantum mechanics [66] with G playing 
the role of coupling constant [50]. In some literature it is also referred to as the isotonic 
oscillator [67,68]. 

Let us now consider this singular harmonic oscillator Hamiltonian 

Hr^ = liK+ + K^) = \{x'+p^)+^(8S^ ' ^ 



2x 1 / ox (5-3) 



2' ^ '4^ ^ ' 8x^ \ 2 

= iy''~d^J^8^[^^'^2 
Together with the following generators B^ and B^ of <t^ and C^ subspaces of SO* (8) (see 
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Appendix 



^ ( dV 1 / ^2 3 



(5.4) 



4 \ dx ) 2 x^ 
Hq generates the distinguished su(l, 1)k subalgebra^ 

[B^,B+]=2Hq [Hq,B+\ = +B+ [Hq,B^] = -B_. (5.5) 

For a given eigenvalue s (5 + 1) of the quadratic Casimir operator S^ of SU{2)s, the wave 
functions corresponding to the lowest energy eigenvalue of this singular harmonic oscillator 
Hamiltonian Hq will be superpositions of functions of the form ^q ""^ (x) A (5,771,3), where 
A (s.m,^) is an eigenstate of 5^ and Sq, independent of x: 

5^A(s,7n,s) = 5 (s + 1) A(s,7n,s) 5o A (s,ms) = m^ A (s,ms) (5.6) 

and ipQ (x) is a function that satisfies 

B_4"'\x)A(s,m3) = (5.7) 

whose solution is given by [69] 

where Cq is a normalization constant and 

1 



a^ = - + Vl + 4s(s + l) = 2s + - . (5.9) 



The normalizability of the state imposes the constraint 

a, > ^ . (5.10) 

Clearly, V^o °~ ^ (x) A (s, m.^) is an eigenstate of Hq with eigenvalue Eqq = (s + 1): 

Hq V^f +=^/') (x) A (5, m,) = (5 + 1) 7/;f +=^/') (x) A (5, m^) . (5.11) 



''This is the SU{1, 1) subgroup generated by the longest root vector. 
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The lowest energy normalizable eigenstate of Hq corresponds to the case s = (therefore 
a^ = |). Note that A (0,0) is simply the Fock vacuum |0) of a- and 6-type oscillators. This 
"ground state" has energy 

</') = !. (5.12) 

The higher energy eigenstates of Hq can be obtained from -(/'q (x) A (0, 0) by acting on it 
repeatedly with the raising operator By. 

^(3/2) (2,) A (0, 0) = Cn {B+r 4'^'^ (^) A (0, 0) (5.13) 

where C„ are normalization constants. They correspond to energy eigenvalues: 

Hq ^^(3/2) (^) A (0, 0) = 4%2) 4=^/2) (x) A (0, 0) (5.14) 

where 

4%^)=i?g/^)+n=l + n. (5.15) 

We shall denote the corresponding states as Vn {x) A (0, 0) \ = ipii (x) y (X" | A (0, 0)) and 
refer to them as the particle basis of the state space of the (isotonic) singular oscillator. 

6. SU{2)s X SU{2)a X U{l)j Basis of the Minimal Unitary Representation of 

^0*(8) 

Consider the tensor product of Fock spaces of the oscillators a™ and 6™. The vacuum state 
|0) is annihilated by all am and hm'- 

am |0) = hm |0) = (6.1) 

where m = 1,2. Note that |A(0,0)) = |0). A "particle basis" of states in this Fock space is 
provided by tensor products of the following states 

' ' ^ (a"r"""|0) \n,,m) = ^L={b^r'-\Q) (6.2) 



n„ 



\J^a,rn- \J^b,m' 



where m = 1,2 and Ua^m and Ua^m are non- negative integers. 

To construct a "particle basis" of the Hilbert space of the minimal unitary representation 
of 5*0* (8), consider the following tensor products of the above states with the state space of 
the singular (isotonic) oscillator: 

\na,i) <» \na,2) ® \nb,i) <S) \nb,2) O V'i"''' (x) A (0, 0) 

and denote them as 

(a^)"-^ (a^)"-^ (61)"'"^ (62)"M |v.^) (x)) 

or simply as 

V'i"'-' (x) ; na,i,na,2,nb,i,nb^2) ■ 
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For a fixed A^ = na^i+na,2+'^6,i+"'fe,25 these states transform in tlie (-g-) y) representation 
under the SU{2)s x SU{2)a subgroup: 

N N 

5 = — a = — 

2 2 (g3) 

However they are, in general, not eigenstates of U{l)j or the energy operator H (AdSY energy 
or 6-D conformal Hamiltonian) that determines the compact 3-grading of 5*0* (8), given in 
appendix Q and commutes with S'f7(4) generators. 

There exists a unique lowest energy state in this Hilbert space, namely 

4'^')(x) ; 0,0,0, O) (6.4) 

that is annihilated by the following six operators in (t^ subspace of so* (8): 



>^m = - (Um - i Umj N_ = 0162 " ^2^1 



(6.5) 



in the compact three grading, and transforms as a singlet of SU{2)s x SU(2)a and is an 
eigenstate of H and J with eigenvalue E = 2 and 5 = 0, respectively. This state is also a 
singlet of S'C/(4) subgroup. Hence the minimal unitary representation of 50* (8) is a unitary 
lowest weight representation. All the other states of the particle basis of the minrep with 
higher energies can be obtained from i/jq ' ' (x) ; 0,0,0,0) by repeatedly acting on it with 



the following operators in C^+ subspace of so*(8): 

Z™ = i(y'" + iy") B+ = -'-[A-i{K+-K_)] 

The above six operators in (2^+ transform under su(2)5' ©su(2)^ © u(l)j as follows: 

6 = (1/2, 1/2)° © (0, 0)+i © (0, 0)-^ . 

The operators (Y^,Z^^ and (y^,Z^) form two doublets under 5u(2)5. The operators (Y^,Y'^^ 
and (Z^,Z^) form two doublets under 5u{2)a- -/V+ and S+ are both singlets under su(2)5 
and su(2)^. Y^ and Z™ have zero J-charge, while A^+ and -B+ have J-charges +1 and —1, 
respectively. 

We list the charges of these six operators with respect to (5*0, Aq, J) in Table |l[ 
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Table 1: Charges S3, 03 and Z of £+ operators of so* (8) with respect 
to ^o, ^0 and J, respectively. 



£+ generator 


yi 


Y2 


z^ 


Z2 


iV+ 


B+ 


S3 


H 


+ -2 


1 
2 


1 
2 








as 


H 


1 

2 


+-2 


1 
2 








^ 














+1 


-1 



The £^ operators commute with each other and satisfy the following important relation: 



yl^2 _ y2^1 ^ ^ D 



(6.7) 



All the states that belong to a given AdS energy level form an irrep of S'C/(4). We give the 
SU{2)s X SU{2)a X U{l)j decomposition of these SU{A) irreps in Table ^ for the first three 
energy levels together with their respective S'C/(4) Dynkin labels.^ 

Table 2: The SU{2)s x SU{2)a x U{1)j content of the first three 
energy levels of minimal unitary representation of SO* (8) and their 
SU{A) Dynkin labels. The irreps are labeled by their spins (s, a) 
and the J-charge as (s, a)^'. s, a, 3 and E labels of the lowest energy 
state Vo {^) '' O7 0,0,0) uniquely identify the 50* (8) irrep. 



frrep (s, a)^ 


E 


SU{4:)Dynkin 


(0,0)° 


2 


(0,0,0) 


(0,0)-' ©(0,0)+' 
® (2' 2) 


3 


(0,f,0) 









*Our convention of Dynkin labels is such that, the fundamental representation 4 of S'C/(4) corresponds to 
(1,0,0). 
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Table 2: (continued) 



Irrep (s, a)"* 


E 


5(7(4) 
Dynkin 


(0,0)"^® (0,0)° 0(0,0)+^ 

®(2'2) ®(2'2) 

e(i,i)° 


4 


(0,2,0) 









By acting on the lowest weight state jfi) with <t'^ generators n times, one obtains a set of 
states that are eigenstates of H with energy eigenvalues n + 2. They form an 5C/(4) irrep with 
Dynkin labels (0, n, 0), which decomposes into the following irreps of SU{2)s x SU{2)a x U{1)j 
subgroup labelled by (s, o 



,x). 



(0,^,0)5^(4) Dynkin = (0,0) "©(0,0) 



-n+2 



1 1 

2' 2 

(l,l)-"+2 



n+l 



:i,i) 



1 1 

2' 2 

-n+4 



©(0,0)" 

-n+3 



fl,l 



1 1 

2'2 

,ra-2 



n-1 



(6.8) 



n n\0 
2' 2/ 

Comparing the 5'C/(4) content of the minrep of 5*0* (8) with that of the scalar doubleton 
representation of the seven dimensional AdS group 5*0(6,2) ~ 50* (8) obtained by the os- 
cillator method [22,59,60], we see that they coincide exactly. Thus the minrep of 5*0* (8) is 
simply the scalar doubleton representation of SO* (8) whose Poincare limit in AdSj is singular, 
just like Dirac's singletons of 50(3, 2) in AdS4. The doubleton representations correspond to 
massless representations of 50*(8) considered as six dimensional conformal group [22,60]. 

At this point we should stress one important point. In the oscillator construction of the 
scalar doubleton given in [22] , one is working in the Fock space of two sets of oscillators trans- 
forming in the fundamental representation of the maximal compact subgroup U{4:). The Fock 
space of all eight oscillators decomposes into an infinite family of doubleton representations 
that correspond to massless conformal fields of ever increasing spin. In contrast, the minimal 
unitary representation we constructed above is over the tensor product of Fock space of four 
oscillators and the state space of a singular oscillator. 
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In the subsequent sections we shall extend our construction of the minrep of 5*0* (8) 
to the construction of minimal unitary representation of the supergroup OSp{8*\2N) which 
correspond to supermultiplets of massless conformal fields in six dimensions. 

7. Construction of Finite-Dimensional Representations of USp{2N) in terms 
of Fermionic Oscillators 

We define two sets of A^ fermionic oscillators ar, f3r and their hermitian conjugates a^ = (a,.) , 
(3"^ = (/3r) (^ = 1)2,..., N), such that they satisfy the usual anti-commutation relations: 

{ar , a'} = {/3r , /3'} = 6f. {«,, aj = {a, ,/?,} = {/?,, /3,} = (7.1) 

The Lie algebra usp(2A^) has a 3-graded decomposition with respect to its subalgebra 
u(A^) as follows: 

usp(2iV) = g(-i) © g(0) © g^+i) 



Srs e M'; © s' 



(7.2) 



where 



Srs = Olrfis + Olsfir 

M'-, = a^'as - M' (7.3) 



Jrs ) 



s 



(7.4) 



They satisfy the commutation relations: 

[Srs , 5*"] =-Sl M'; - 6i M", - 6^ M*^ - (J^f M' 

[M'g , Stu] = -^u ^st - ^i Ssu 

[W^ , 5*"] = 6^ S"^ + 5\ 5™ 

The quadratic Casimir of usp(2A^) is given by 

C2 [usp(2iV)] = M\M%. + I {SrsS'-' + S'^'Srs) 

2 (7.5) 

= N{N + 2)-{N^ + Np) [{N^ + AT^) + 2] - 8 a(^/3^) a^rPs) 

where "(rs)" represents symmetrization of weight one, a(^rPs) = \ {c(rPs + o.sPr)- 
We choose the fermionic Fock vacuum such that 

ar\0) = I3r\0) =0. (7.6) 

To generate an irrep of USp{2N) in the Fock space in a U{N) basis, one chooses a set of 
states \Q), transforming irreducibly under U{N) and are annihilated by all grade —1 operators 
Srs (i-e. Srs 1^) = 0), and act on them with grade +1 operators S"^^ [63]: 

{\n) ,s'''\n) ,s'''s'''\n) , } (7.7) 
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The possible sets of states |i7), that transform irreducibly under U{N) and are annihilated 
by Srs , are of the form 

a"iQ^^..a''™|0) (7.8) 

or of the equivalent form 

/3^i/3^^../3^'"|0) (7.9) 

where m < N. They lead to irreps of USp{2N) with Dynkin labels [63] 

(0^_^,1,0^_^). (7.10) 

(N-m-l) (m) 

In addition, we have the following states 

aI^/3^] |0) = - (a^/3^ - a'/S"-) |0) (7.11) 

that are annihilated by all grade —1 operators Stu- They lead to the irrep of USp{2N) with 
Dynkin labels 

(0^_^, 1,0,0). (7.12) 

(7V-3) 

Note that in the special case of usp(4), the states a^a'^ |0), /3''/3^ |0) and a[''/3^] |0) all lead to 
the trivial representation. 

It is important to also note that the following bilinears of fermionic oscillators 

F+ = a''(3r F_ = /3'-a, Fo = ^{N^-N^) (7.13) 

where N^ = a^a^ and A''^ = /3''/3r are the respective number operators, generate a usp(2)i? ~ 
su(2)i? algebra 

[F+ , F_] = 2 Fo [Fo , F±] = ±F± (7.14) 

that commutes with the usp(2A^) algebra defined above. Nonetheless, the equivalent irreps 
of USp{2N) constructed from the states \0,) involving only a- type excitations or /3-type 
excitations can form non-trivial representations of this USp{2)p. 

For example, the two irreps with Dynkin labels (1,0) of USp{4:) constructed from a'^' |0) 
and (3^ |0) form spin ^ representation (doublet) of USp{2)p. The three singlet irreps of USp{4) 
corrsponding to a^a^ |0), (3^(3^ |0) and a'-'^ (3^' |0) form the spin 1 representation (triplet) of 
USp{2)p. The irrep of USp{4) with Dynkin labels (0,1) defined by the vacuum state jil) = |0) 
is a singlet of USp{2)F- 

We should note that the representations of USp{2N) obtained above by using two sets of 
fermionic oscillators transforming in the fundamental representation of the subgroup U{N) 
are the compact analogs of the doubleton representations of S0*{2M) constructed using 
two sets of bosonic oscillators transforming in the fundamental representation of U{M) [63]. 
By realizing the generators of USp{2N) in terms of an arbitrary (even) number of sets of 
oscillators, one can construct all the finite dimensional representations of USp{2N) [22,63]. 
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8. Minimal Unitary Representations of Supergroups OSp{8*\2N) with Even 
Subgroups SO* (8) x USp{2N) 

The noncompact groups S0*{2M) with maximal compact subgroups U{M) have extensions 
to supergroups OSp{2M*\2N) with the even subgroups SO*{2M) x USp{2N) that admit 
positive energy unitary representations. In this section we shah study the minimal unitary 
representations of OSp{8*\2N), leaving to a separate study the minimal representations of 
OSp{2M*\2N) for arbitrary M [70]. We define minimal unitary representations (supermul- 
tiplets) of OSp(2M*\2N) as those irreducible unitary representations ( supermultiplets) that 
contain the minimal unitary representation of S0*(2M). 
The superalgebra osp(8*|2A^) has a 5-grading 

osp(8*|2iv) = 0(-2) e 0(-i) e gW e q(+^) e q(+^) (s.i) 

with respect to the subsuperalgebra 

0(°) = osp(4*|2iV)esu(2)eso(l,l)A. (8.2) 

In the extension of the minimal unitary realization of 5*0* (8) to that of OSp{8*\2N), the 
grade —2 generator K- remains unchanged. However, now grade —1 subspace contains both 
even (bosonic) and odd (fermionic) generators. More precisely, the grade —1 subspace g*^^^-* 
of 05p(8*|2A^) contains 8 bosonic generators: 



(_y ^T-i J/ fJ^TTI L/ tAJ Hi 

(8.3) 

and AN supersymmetry generators: 

Qr = xur Q^ = xd 

(8-4) 

They (anti-)commute into the single bosonic generator K- in grade —2 subspace g*^^^-* as 
follows: 

[^™,t/"] = [y„,n = 2C^- .g^. 

Even and odd generators in ^~^' commute with each other and together form a super Heisen- 
berg algebra with 



K^ = \x 



2 



2 
as its "central charge." 

Now the su(2)5 subalgebra in grade zero subspace g'"-* of so* (8) receives contributions 
from fermionic oscillators in the supersymmetric extension of so* (8) to osp(8*|2A^). The 
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resultant su(2) that commutes with osp(4*|2A^) of grade zero subalgebra is simply the diagonal 
subalgebra of su(2)5 and 5u{2)p defined earlier in equation ( 7.13| ). We shall label it as su(2)r 
in the supersymmetric extension. Its generators are: 

T+ = S+ + F+ = a'^b^ + a"/3, 

T_ = 5_ + F_ = b'^am + P'ar (8.6) 

To = 5o + i^o = ^ {Na -Nh + N^- N^) 

so that 

[r+ , T_] = 2 To [To , r±] = ±T± . (8.7) 

The subsuper algebra osp(4*|2iV) belonging to grade zero subspace g(°) has an even sub- 
algebra so*(4) © u5p(2A^). The generators of 50*(4) = 5u{2)a ®5u{1,1)n were denoted as 
^±,0 and N±fi (see equation ( [4. lOD ), and the generators of u5p(2A^) were denoted as Srs, M^s^ 
S-^^ (r, s, • • • = 1, . . . , N) (see equation (|7^). 

The 8A^ supersymmetry generators of osp(4*|2A^) are realized by the following bilinears: 






(8.8) 



Recalling that 

C2 [5u{2)a] = C2 [su(l, 1)n] = C2 [su(2)s] (8.9) 

we find that the quadratic Casimir of osp(4*|2A^) can be written as 

Cs [osp(4*|2iV)] = C2 [su(2)s] - ^Cs [u5p{2N)] + ^-F(n,S) (8.10) 

where 

J- (n, S) = Tirnr 11 — IT Tirnr + '^m '^ r ~ ^ r ^m • (^-H) 

Remarkably, it reduces to the quadratic Casimir of SU{2)t modulo an additive constant for 
the minimal unitary realization 

C2 [osp(4*|2iV)] = C2 [su(2)t] - ^^^~^'' (8.12) 

lb 



where 



C2 [su(2)t] = To^ + l {T+ T_ + r_ r+) = r" . (8.13) 



Using this result, one can write the grade +2 generator in full generality as 
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that is valid for all N. The generators in grade +1 subspace g*^^^' are obtained from the 
commutators of g^^"*^^ generators with K^: 



Vm = i[Vm, K+] 
Qr =i[Qr, K+] 
Sr = i [Sr , K^] 



S'' = i [5^ K+] 



.15) 



The explicit form of the even and odd generators of 0^^^' are as follows: 



Urn = 


2i 
-pam^ 

X 


U"' = 


-pa"" 

X 


K^ = 


X 


y™ = 


X 


Qr = 


2i 
-par^ 

X 


Q^ = 


^ 2i 
—pa 

X 


Sr = 


X 


3' = 


X 



To + -] am + T_bri 



To - - ) a™ + r+6" 



To — ^ ] bm — T^CLm 



To + - 6™ - T_a'' 



To + -]ar + r_/3. 



To--)a'-+T+/3^ 



^0 - ^ ) /3r - T+ar 



To + -)/3^-r_«^ 



.16) 



5.17) 



They form a (super-)Heisenberg algebra together with K^: 



U u"- 



V v^ 

q OS I 



25ZK, 



2 5tK, 



.18) 



The commutation relations of grade +1 generators with the grade —2 generator K^ are: 



U„,,K_ 


= iUm 


f/™,i^_ 


= iU" 


'Vra , kJ 


= iVm 


y™ , K^ 


= iy" 


Qr , kJ 


= iQr 


'q\kJ 


= iQ^ 


Sr,K. 


= iSr 


S"- , K- 


= iS^ 



.19) 
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In terms of the generators defined above the 5-graded decomposition of the Lie superal- 
gebra 05p(8*|2A^), defined by the generator A, takes the form: 



osp(8*|4) = g(-2) e0(-i) © [osp(4*|2iV) ©su(2) ©so(1,1)a] 5^+^) ©0(+2) 



(8.20) 



L'm ; f^ 5 Mn ) •' ; Qr ; V , «bj. , D 



K^ 



We give the additional (super-)commutation relations of this superalgebra in the 5-graded 
basis in appendix pi. 



9. Compact 3-Grading of OSp{8*\2N) and its Minimal Unitary Representa- 
tion 

The Lie superalgebra osp(8*|2A^) can be given a 3-graded decomposition with respect to its 
compact subsuperalgebra u(4|A^) = su(4| A^) © u(l)^ 



osp(8*|2iv) = e:"©e:°©G:^ 



(9.1) 



where 

e:~ = - (f/m - i Urn) - ( Kr 



■ ^K^j e A^- © - [A + i (e:+ - K_)] © Sr 



' 7J ( Qr ~ ^ Qr I ® 9 [ br — ^ Ji 



in. 



T±,o ® ^±,0 
1 



Vm + iVn 



N^-\{K+ + K^] 



V^-iV' 



n I ^m y ^ ^m 



-{U'^-iU"^ 
2 



1 



\a^r I ^ ^;? 



Q'' -iQ' 



^ur 



Sr + ? Sr 



^(K+ + i^-) + |Mo 



1 



5" - i 5' 



S, 



- (c/™ + ic/'") © - (y™ + i y") © Af+ © -- [A - i (i^+ - i^_)] © S" 



^(Q^ + iQ^)©^(5^ + iS' 






)?^ (9.2) 

is"! 



The U{1) generator Ti that defines the compact 3-grading of osp(8*|2A^) is given by 



n = -{K+ + K^) + No + Mo 



(9.3) 



where Mq is the generator of the U{1) factor of U{N) subgroup of USp{2N) (equation ( |7.3D ): 

(9.4) 



Mo = ^{Na + Np-N) = ^ (iV, - Np) 
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Therefore 



'H = -(x^+p^) + 



T^ + 1,] + ,,{Na + N^ + N^ + Np) + 



N 



(9.5) 



plays the role of the "total energy" operator. 

Note that, in the supersymmetric extension, the u(l) generator H in so* (8) (equation 
T2|)), which is the AdS^ energy, that determines its compact 3-grading becomes 

1 



Hb = -{K+ + K^) + Nq 



1 



1 



-ix^+p^) + ^ „ 
4 V ^ J 83,2 



r'' + ^] + UNa + N,) + i 



(9.6) 



The Hamiltonian of the singular oscillator now has contributions from the fermionic oscilla- 
tors: 



He. 







{x"^ +p'^)+—. 



\T' + 



(9.7) 



4 ' ' ' Sx^ \ 2^ 

where T^ is the quadratic Casimir of SU{2)t, the diagonal subgroup of SU{2)s and SU{2)p 
which are realized in terms of purely bosonic and purely fermionic oscillators, respectively. 
Ha and Hfy remain unchanged in the supersymmetric extension: 



Ha = l {Na + 1) 



H, = ^{N, + l) 



The explicit expressions for the bosonic operators that belong to the subspace ^ of 
05p(8*|2A^) in the compact 3-grading are as follows^: 



To + -] am + T_bm 



Y 


= \[Um 


-iUmj 


-\,. 


+ 


ip)arr 


1 

X 


■^m 


= \{Vm 


-iVrr 


I 
J 


-V^ 


+ ^ 


P)bm 


1 

X 


iV_ 


= 0162 — 


0261 












5_ 


->- 


i{K+ 


- 


K-)\- 


1 

' 4 


{x + I 


vf- 


Srs 


= arPs + 


asf3r 













Tn 



T^ar. 



(9.8) 



8x2 



\T' + 



The 4:N supersymmetry generators in <t subspace are given by: 



Hr 



&r 



n. 



^(* 


- i Qrj = -{x + ip)ar + - 


\{^'- 


~ \ 1 1 

-iSr = -{x + ip)f3r 

/ 2 X 


amPr - 


- hmO-r 



Tq + - )a,+T_/3, 



Tn 



/3r — r+a 



+ «r 



(9.9) 



^Note that we are using the same symbols for the generators of SO* (8) considered as a subgroup of 
OSp(8*\2N) that now includes contributions from the fermions. 
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The operators that belong to lt+ subspace are the Hermitian conjugates of those in ^ . 
The bosonic operators in £+ are: 



y™ = i ([/"* + i [7^ 



Z'' 



V"" + i v- 



-{x-ip)a"^ + - 
2 X 

\{x-ip)b^-- 
2 X 



To - ^ ) a'" + r+6" 



T0 + -I6" 



T^a'^ 



N, = a^b^ - ah^ 



(9.10) 



-'-[/\-i{K+-K.)] = \{x-ipy 



The 4:N supersymmetry generators in (f^ subspace are: 



\T' + 



£f 


= 1{Q^' + ^Q^')- 


-V- 


-ip)a + - 

X 


&' 


2 V / 


->- 


-ip)P'-- 

X 


^r 


= a^B^ - b-^a'- 







To--)a-+r+/3^ 



To + ^ ) /3'- - T.a' 



(9.11) 



We find again the following relation 



yi ^2 _Y^ Z^ = N, B< 



(9.12) 



among the generators in C^"*" within the super symmetric extension of the minrep. We give the 
(super-)commutation relations between these <t~ and C^"*" operators and the explicit form of 
the generators of grade zero subspace <^ and their (super-)commutation relations in appendix 

i 

In the supersymmetric extension, the quadratic Casimirs of two SU{2) subgroups are no 

longer identical. The generators of SU{2)a remain unchanged, but SU{2)s generators get 

contributions from fermions and go over to SU{2)t- (See appendix^ for their explicit forms.) 

As we showed in section P, the minimal unitary representation of 5*0* (8) ~ 50(6, 2) is a 



lowest weight representation with a unique lowest weight vector 



V'l 



(3/2), 



0,0,0,0) that is 



annihilated by all the operators in G^ subspace and corresponds to a conformal scalar in six 



dimensions. The lowest weight vector 



.(3/2), 



V'o"'' ^' {x); 0,0,0,0) is a singlet of the semi-simple part 
of the little group, namely 50(4) = SU{2)s x SU{2)a, of massless states in six dimensions. 
Now the minimal unitary representation of OSp{8*\2N) constructed above restricts to a 
finite number of inequivalent unitary irreducible representations of SO* (8), whose realization 
involves fermionic as well as bosonic oscillators. We shall refer to the resulting representations 
of SO* (8) as "deformations" of the minimal unitary representation. These deformations of 
the minimal unitary representation of 5*0* (8) also satisfy the Poincare massless condition 



-M' = V^^.P^P" 







(9.13) 
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and hence correspond to massless conformal fields in six dimensions. Note that S'0(4) is the 
six dimensional analog of the little group SO{2) of massless states in four dimensions. The 
minimal unitary representation of 41) conformal group 5*0(4, 2) = SU{2, 2)/Z2 corresponds to 
a massless conformal field in four dimensions [55], and its deformations, which are labeled by 
a real parameter ^, also describe massless conformal fields. For physical fields, this parameter 
is simply twice the helicity of a massless unitary representation of the Poincare subgroup 
of 5'0(4, 2). They are the doubleton representations of SU{2,2), whose supersymmetric 
extensions were studied in [20,56,57]. It was shown long time ago that the corresponding 
representations of the conformal group SU{2, 2) remain irreducible under the restriction to the 
four dimensional Poincare subgroup [58].^ We expect the massless doubleton representations 
of 50* (8) to remain irreducible under restriction to 6D Poincare subgroup as well. 

10. Minimal Unitary Supermultiplet of osp(8*|2A^) 

Since the subgroup SU{2)s of SO* (8) is replaced by SU{2)t when 50*(8) is extended to 
the supergroup OS'p(8*|2A^), the parameter a in the wave functions ^n (x) (as defined in 
equation ( |5.8| )) now depends on t, instead of s, where t is the SU{2)t spin. 

In this section, for the sake of simplicity, we shall denote the tensor product of the lowest 
energy state of the "singular" part Hq of the bosonic Hamiltonian H with the coordinate 
wave function 



and the vacuum state of all the bosonic and fermionic oscillators a*", 6™, q^ and /S*" simply 



as 



OiL 



,,(3/2) \ 






Note that for a general state involving bosonic and fermionic excitations, 

at = 2i + 3/2 (10.3) 

if t(t+ 1) is the eigenvalue of the quadratic Casimir T^ of SU{2)t on that state. 

10.1 Minimal unitary supermultiplet of osp(8*|4) 

First we shall present the results for the case N = 2 (i.e. for USp{A)), which is relevant to 
the symmetry supergroup of the S"^ compactification of the eleven dimensional supergravity. 
The oscillator construction of the unitary supermultiplets of 05p(8*|4) has been studied 
in [22,59,60]. It has 32 supersymmetry generators, 16 of which belong to grade zero subspace 
^^ and 8 each belong to grade ±1 subspaces C^. 



^These representations are sometimes referred to as the ladder representations in the literature. 
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(3/2) \ 

The state Vo / ^^ ^^^ unique normalizable lowest energy state annihilated by all 9 
bosonic operators as well as all 8 super symmetry generators in (t~ subspace. It is a singlet of 
SU{4: 1 2) subalgebra. By acting on it with grade +1 operators in the subspace (t^, one obtains 
an infinite set of states which forms a basis for the minimal unitary irreducible representation 
of osp(8*|4). This infinite set of states can be decomposed into a finite number of irreducible 
representations of the even subgroup S0*{8) x USp{A), with each irrep of SO*{S) ~ 5*0(6, 2) 
corresponding to a massless conformal field in six dimensions. 

In Table |3|, we present the supermultiplet that is obtained by starting from this unique 
lowest weight vector 

4^/')) (10.4) 

and acting on it with the generators of grade +1 subspace C^. 

The resulting minimal unitary supermultiplet is the ultra-short doubleton supermultiplet 
of AdSj supergroup 0Sp{8*\A) which does not have a Poincare limit in seven dimensions and 
whose field theory lives on the boundary of AdSj on which SO* (8) acts as the conformal 
group [22]. It describes a massless (2,0) conformal supermultiplet whose interacting field 
theory is believed to be dual to M-theory on AdS^i x S*^ [23]. The corresponding minimal 
supermultiplet of 41? super conformal algebra S'C/(2,2|4) is the AA = 4 Yang-Mills supermul- 
tiplet in four dimensions [55]. In earlier literature, it was called the CPT self-conjugate 
doubleton supermultiplet. In the twistorial oscillator approach, the lowest weight vector \rt) 
for this supermultiplet is the vacuum vector |0) of all the oscillators in the SU{A\ 2) x C/(l) 
basis [22,59]. 

Recalling that the positive energy unitary irreducible representations of SO* (8) are 
uniquely labeled by their lowest energy 5C/(4) irreps, we note that each such SU{A) irrep 
can in turn be uniquely labeled by an irrep of its subgroup SU{2)t x SU{2)a x U{1)j with 
respect to which it admits a compact three grading. Denoting the SU{2)x x SU{2)a spins 
as t, a and the eigenvalue of J as 5, the Table ^ also gives the decompositions of the lowest 
energy S'C/(4) irreps of S'0*(8) in the minimal supermultiplet. The USp{A) transformation 
properties of these 50* (8) irreps follow from the results of section ^. 

In Table ^, (Q)" |f^) denotes symbolically a lowest energy irrep of S'0*(8) obtained 
by acting on the lowest weight state \Vt) with n copies of supersymmetry generators Q = 
{0^6^^™'^}. 
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Table 3: The minimal unitary supermultiplet of osp(8*|4) defined 



by the lowest weight vector 



4^/^) 



The decomposition of S'C/(4) 

irreps with respect to SU{2)t x SU{2)a x U{1)j is denoted by 
(I, a) . H is the AdS energy (negative conformal dimension), and 
y. is the total energy. The Dynkin labels of the lowest energy 
SU{4) representations of 50* (8) coincide with the Dynkin labels of 
the corresponding massless 6D conformal fields under the Lorentz 
group SU*{4:). USp{4) Dynkin labels of these fields are also given. 



States 


H 


n 


(t,ap 


S't/(4)==S't/*(4) 
Dynkin 


USp{A) 
Dynkin 




4'^'') 


2 


1 


(0,0)° 


(0,0,0) 


(0,1) 


Q 


4^"') 


5 
2 


2 


(i,o)-^e(o,i)+^ 


(1,0,0) 


(1,0) 


{Qf 


4^'^') 


3 


3 


(i,o)-^®(i,i)''®(o,i)+i 


(2,0,0) 


(0,0) 



10.2 Minimal unitary supermultiplet oi 0Sp{S*\2N) 



The supergroup 0Sp{S*\2N) has 16A^ supersymmetry generators, 8A^ of which belong to 
grade zero subspace <t^ and 4A^ each belong to grade ±1 subspaces £^ in the compact three 

(3/2) \ 

grading. Once again, the state Vo /is the unique normalizable lowest energy state anni- 
hilated by all 6 + A^(A^ + l)/2 bosonic operators as well as all 4A'" supersymmetry generators 
in e^~ subspace. It is a singlet of the subsuperalgebra su(4 | A'"). By acting on it with grade 
+1 operators in the subspace (t^, one obtains an infinite set of states which forms a basis 
for the minimal unitary irreducible representation of osp(8*|2A^). This infinite set of states 
can be decomposed into a finite number of irreducible representations of the even subgroup 
SO*{S) X USp{2N), with each irrep of SO*{8) ~ 50(6,2) corresponding to a massless con- 
formal field in six dimensions. 

In Table Q, we present the minimal unitary supermultiplet of osp(8*|2A^) obtained by 
starting from the lowest weight state 

,,(3/2) \ 



^0 



/■ 



(Q)" ^0 ) denotes, symbolically, the set of states obtained by acting on the lowest weight 



state 



^0 



/ 

(3/2) \ 



/ 



n times with supersymmetry generators where Q = { 12'", 6^,11'"'"} that deter- 



mine the SO* (8) irreps and their USp{2N) transformation properties uniquely. 
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Table 4: Below we give the minimal unitary supermultiplet of 



;(3/2; 



The 



osp(8*|2A^) defined by the lowest weight vector 
decomposition of lowest energy S'C/(4) irrcps of SO* (8) with re- 
spect to SU{2)t X SU{2)a X U{l)j subgroup is given in column 
4. H is the AdS energy (negative conformal dimension), and "H 
is the total energy. The Dynkin labels of the lowest energy 5'C/(4) 
representations of 50* (8) coincide with the Dynkin labels of the 
corresponding massless 6D conformal fields with respect to the 
Lorentz group S'C/*(4). USp(2N) Dynkin labels of these fields are 
also given. 



State 



H 



n 



(t,a)^ 



SUi4) 
Dynkin 



USp{2N) 
Dynkin 



\n) 



N 



(0,0)0 



(0,0,0) 




Q\n) 



3- 



N 



(i,o)-^®(o,i)- 



(1,0,0) 



(0^_^,1,0) 

(N-2) 



{Qfm 



4- 



N 



(l,0)-^®(i,i)°®(0,l)+i 



(2,0,0) 



(0,... ,0,1,0,0) 

(iV-3) 



iQTm 



2+f 



n-f 



(1,0)-* 0(^,1)-^+' 



(n,0,0) 



(0,...,0,1,0,...,0) 

(N-n-l) (n) 



(i,^)*-^e(o,f)^ 



{Qf\^) 



N 
2 



N 
2 



(f,o)--©(i^,i: 



(iV,0,0) 



(0,...,0) 



(i^)*"®(o,f)" 
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11. Deformations of the Minimal Unitary Representation of SO* (8) 

Above we showed that the minrep of SO* {8) is simply the scalar doubleton representation 
that describes a conformal scalar field in six dimensions. The group 5*0* (8) admits infinitely 
many doubleton representations corresponding to 6D massless conformal fields of arbitrary 
spin [22,59,60]. They all can be constructed by the oscillator method over the Fock space 
of two pairs of twistorial oscillators transforming in the spinor representation of 5*0* (8). 
One would like to know whether the doubleton representations corresponding to massless 
conformal fields of higher spin can all be obtained from the minimal unitary representation 
by a "deformation" in a manner similar to what happens in the case of 4D conformal group 
SU{2, 2) [55]. Remarkably, once again, we find that there exists infinitely many deformations 
of the minrep labeled by the spin (t) of an SU{2) subgroup. By allowing this spin t to take 
on all possible values, we obtain all the doubleton irreps as deformations of the minrep of 
S0*{8). 

To realize the deformations of the minimal representation of 5*0* (8), we first introduce 
an arbitrary number P pairs of fermionic oscillators ^x and Xx and their hermitian conjugates 
^^ = {^x) and x^ = iXx) {x = ^,2, . . . ,P) that satisfy the usual anti-commutation relations 

{6 , en = {xx , xn = ^y iCx , ej = {6 , x j = {xx ,xy} = o- (n.i) 

Note that the following bilinears of these fermionic oscillators 

G+=eXx G-=x^^x Go = liN^-N^) (11.2) 

where N^ = ^^^x and N^ = x^Xx are the respective number operators, generate an su(2)g' 
algebra: 

[G+ , G_] = 2 Go [Go , G±] = ±Go (11.3) 

We choose the Fock vacuum of these fermionic oscillators such that 

^x |0) = Xx |0) = (11.4) 

for all X = 1, 2, . . . , P. Clearly a state of the form 

xtW-.-x^^lo) 

has a definite eigenvalue of Go and is annihilated by the operator G_. Note that square 
bracketing of fermionic indices imply complete anti-symmetrization of weight one. By acting 
on this state with the operator G+, one can obtain P other states, namely: 

^x'x' . . . x^J |o) e C^'ex' . . . x^J |o> e e ^^'ff ---e^ |o) 

This set of P + 1 states transforms irreducibly under 5u(2)g in the spin i = y represen- 
tation. 
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Recall that the "undeformed" minimal unitary realization of 50* (8) has a 5-graded de- 
composition with respect to the subalgebra g^^^ = su(2)^ © su(l, 1)^^ © su(2)5 © 5o(l, 1), as 



given in equation (4.26). Now to deform the minimal unitary realization of so*(8), we extend 



the subalgebra su(2) 5 to the diagonal subalgebra su(2) o of su(2)5 andsu(2)G'. In other words, 
the generators of su(2)5 receive contributions from the S,- and X'type fermionic oscillators as 
follows: 



T+ = 5+ + G+ = a'^bm + ex. 
""am + X'ix 
So + Go = ; {Na -Nt + N^- N^) 



T_ = 5_ + G_ = b^am + x'Cx 
1 
2 



(11.5) 







The quadratic Casimir of this subalgebra su(2) o is given by 



Co 



su(2)c 



f = ToTo +- ( T+T^ + T^T^ 



(11.6) 



The 5-graded decomposition of the deformed minimal unitary realization, which we denote as 
50*(8)d, is now with respect to the subalgebra su{2)a ©su(1, 1)n ©su(2)o ©so(l, 1), where, 
once again, the so(l, 1) generator A defines the 5-grading: 

50*{8)d 



(-2) 



'^'n'' 



su(2)a © su(l, 1)n © su(2)o © A 



8?" 



oi,"' 



(11.7) 



The rest of the grade zero subspace, 5u{2)a(Bsu{1, l)Af © A, remains unchanged under this 
deformation (see equation ( [4.10D ). However, it should be noted that the quadratic Casimir 
of 5u(2)o is no longer equal to those of su(2)^ and su(l, 1)n- 

Grade —2 and —1 generators of so*(8)d are also the same as those of the undeformed 

so*(8): 

K_= K_ = ^x^ (11.8) 

(11.9) 



O 



U„ 



Vrr. 



- Xttr, 
Xbrr. 



u 

o n 

V 






However, since 511(2)5 has now been extended to su(2)o , the grade +2 generator, which 

° ^ 
previously contained the quadratic Casimir S of su(2)5, now depends on T : 



K, 



1 



1 



2^ +4x2 



o2 3 

^+2 



(11.10) 



The generators in grade +1 subspace are also modified since they are obtained from the 



commutators of the form 



Bi,-',!.r 



Um= i 



Um.K+ 



u = iu. 



Vrr,= i Vm. , K. 



o m o 

U .K, 



V =[V„A =1 V ,K 



(11.11) 
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The explicit form of these grade +1 generators are as foUows: 



2i 

am-\ 

X 


[(- 


3^ 

^4. 


o 


a--^ 


Yt. 


3^ 


a"^+ r+ 6™ 


X 


A 


4y 




bm 

X 


Y° 

To 
A 


3\ 

"4J 


o 


i," + ^ 


Y° 
To 


3^ 

+- 


6™- r_ a™ 


X 


A 


4^ 





:ii.i2) 



f^ m 
o m 

u 

o 
^ m 

V 



The deformed generators of so* (8)/) with "o" over them satisfy the same commutation re- 
lations as the corresponding "undeformed" generators of so* (8). Therefore, the 5-grading of 
so*(8)d, defined by A, takes the form: 



so*(8)b= 1 

o 



(4,21 



su(2)A©su(l,l)Aresu(2)o eso(l,l)A © (4,2) © 1 



o o m o o m 

Um,U ,Vm,V 



A±,o © ^^±,0 © T±^o © A 

o o m o 



K, 



:ii.i3) 



The quadratic Casimir oi 50*{S)d is given by 



G [so*(8)d] = C2 [su(2)^J + C2 [su(2)^] + C2 [su(l, 1)^] + C2 [su(l, 1)^ 



o o 



T[U , V 



(11.14) 



where 



J" 



(u,v) 



o m o m o m o rn 

fjjj +vj/ +u fj^ + v y. 



U U^ + V V^ + UmU +VmV 



(11.15) 



and reduces to 

C2[so*(8)D] = 2g2_4 

where Q^ is the quadratic Casimir of su(2)g. 

11.1 The 3-grading of SO*{8)d with respect to the subgroup SU{4) x ^(1) 

The Lie algebra of so* (8)/) can be given a compact 3-grading 



(11.16) 



so* (8) 



D = ^o'^^D'i^^D 



(11.17) 
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with respect to its maximal compact subalgebrasu(4)©u(l), determined by the u(l) generator 

1 



H=No + -{K+ + K^ 



The generators that belong to the grade 0,ibl subspaces are as follows: 



(11.18) 



'D 






Vm-iVm] ®N^® 



U rn. t U ri 



T±,o ©A±,o © ( iVo - 2 ( ^+ + ^- 



A + i(K+- K^ 



^ m I ^ ^ n 



-D 



o rn it 

U +iU 



Vm+iVr 



o m iL 

V +iV ) © iV+ © 



o m it 

U -iU 



V -iV 



A-iiK+- K^ 



H 



(11.19) 



11.2 Deformed minreps of SO*{S) as massless QD conformal fields 

Consider the vacuum state |0) that is annihilated by the bosonic oscillators a^, ^m ("i- = 1)2) 
and the fermionic oscillators ^x^ Xx {x = 1, 2, . . . , P): 



a™|0)=6™|0)=^^|0)=xx|0) = 



(11.20) 



The tensor products of the states of the form (a™)""'" |0), (6™)"".™ |0), ^^ |0) and x" |0), 
where Ua^m and n^, ,„ are non-negative integers, form a "particle basis" of states in this Fock 
space. 

As the "particle basis" of the Hilbert space of the deformed minimal unitary represen- 
tation of S'0*(8), we take the tensor product of the above states with the state space of the 
singular (isotonic) oscillator: 

(ai)""'^ |0) © (a^)""-' |0) © {b'Y''' |0) © {bY''' |0) © ^'^^ . . . r'=x"'=+^ • • • x"^' |0) © |^i"*)) 

where square brackets imply full antisymmetrization and denote them as 

{a^Y"'' (a^)""'^ {h^Y''' {by"'' ^[-1 . . . e^x"^+^ • • • X"^l |4°*^) 

or simply as 

P P\ 

where k = 0,1,2, ... ,P. Note that at now depends on the eigenvalue t of the quadratic 
Casimir of SU{2)o . 

Note that the (P + 1) states 



4°*) ; 0,0,0,0; |,fc-|) k = 0,l,---,P 



:il.211 
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are annihilated by all grade —1 operators in G^^ and transforms in the spin t = -^ represen- 



tation of su(2) o , if at satisfies 



at = 2t + -. 



(11.22) 



These states have a definite eigenvalue of t + 2 with respect to H (given in equation ( |11.18D ): 



H 



^(^^^■^m;o,o,o,o;^,k-^) = {t + 2) 



V'f+3/2);0,0,0,0;|,fe-:^ 



(11.23) 



By acting on these {P + 1) states with the coset generators (C , C ) of 

SU{A)/ \sU{2)o X SU{2)a x U{1] 
one obtains a set of states, which we denote collectively as |i7(^*+^/^)^, transforming in an 

o 

irrep of S'C/(4) with Dynkin labels (2t, 0, 0) that are eigenstates of H with eigenvalue (i + 2). 
The states |ri^^*+^'^') are annihilated by all the operators in (t^. Therefore, the deformed 
minimal unitary representation of 5*0* (8) is a unitary lowest weight representation. All the 
other states of the "particle basis" of the deformed minrep can be obtained from the set of 
states |ri''^*"*"^'^)) by repeatedly acting on it with grade +1 operators in the (£j subspace of 
SO*{8)d. 

In Table ^, we present the deformed minrep of S0*{8). The notation (G^J) Iri*-"*)) 
represents all the states obtained by acting on the lowest weight state Ifi^"*)) with n grade 

o m o m a o 

+1 generators (Y , Z , N^ , -B+). The deformed minrep with parameter t corresponds to a 
massless conformal field in six dimensions whose transformation under the 6D Lorentz group 
SU*{4:) coincides with the transformation of the states lil*-"*-'') under the 5C/(4) subgroup of 
SO*{8)d and its conformal dimension is equal to — (t + 2) . 

Table 5: SU{A) x U{1) decomposition of the deformed minimal 
miitary representation of 5*0* (8). For the deformed minrep with 
deformation parameter t, at = 2t + 3/2. It corresponds to a mass- 
less 6D conformal field transforming in the (2i,0, 0)Dynkin repre- 
sentation of the Lorentz group SU* (4) with conformal dimension 
-(i + 2). 



State 


E 


SU{4) 
Dynkin 


r!("')) 


t + 2 


(2i,0,0) 


e:^ n("')) 


t + 3 


(2i,l,0) 
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Table 5: (continued) 



State 


E 


SU{4) 
Dynkin 








{€+)' f7(-)) 


t + 4 


(2f,2,0) 








(£+)" f^(-)) 


t + n + 2 


(2t,n,0) 









12. Conclusions 

In this paper we first studied the minimal unitary representation of S0*{8) ~ 5*0(6,2), 
which is the seven dimensional AdS group or the six dimensional conformal group, obtained 
by quantizing its quasiconformal realization. The resulting minrep coincides with the scalar 
doubleton representation of 5*0* (8), whose Poincare limit in AdS^ is singular. 

We then introduced supersymmetry and extended these results to construct the minimal 
unitary supermultiplet of OSp{8*\2N), and, in particular, the minimal unitary supermulti- 
plet of 05^(8*14). The minimal unitary supermultiplet of OSp{8*\4:) is simply the massless 
supermultiplet of (2,0) conformal field theory in six dimensions that is believed to be dual to 
M-theory on AdSj x S'^. 

Finally, we presented a method to introduce a family of deformations of the minrep 
of 5*0* (8), with respect to one of its SU{2) subgroups. For each non-negative integer or 
half-integer value of the deformation parameter corresponding to the spin t of SU{2) one 
obtains a unique positive energy unitary irreducible representation of 5*0* (8) which describes 
a massless conformal field of higher spin in six dimensions and coincide with the infinite family 
of doubletons studied in [22,59,60]. 

One can also obtain the "deformed" minimal unitary supermultiplets of OSp{8*\2N) by 
first deforming the minrep of SO* (8) and then extending it to the superalgebras OSp{8*\2N). 
These deformed minimal unitary supermultiplets correspond to six dimensional massless su- 
perconformal multiplets involving higher spin fields than the undeformed minimal unitary 
supermultiplet and will be given in a separate study [71]. 
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Appendix 

A. The decomposition of SO{6,2) with respect to the subgroup SO{A) x 
^0(2,2) 

The generators Mij = i Mij {i,j,--- = 1,2,3,4) form the so(4) subalgebra of so(6,2) D 
so(4) ©so(2,2). This so(4) can be decomposed as a direct sum 

so(4)=su(2)i©su(2)^ (A.l) 

where the generators of the two su(2) subalgebras are given by: 



Ll = - (m23 - M14) L2 = - (Mi3 + M24) i.3 = 2 (^^12 - Mu 

Rl = 2 (^23 + M14) ^2=2 (^13 - ^24) ^3=2 (^12 + ^34 

They satisfy the commutation relations 

[L+,L_] = 2L3 [L3,L±] = ±L± 



(A.2) 



(A.3) 



where 

L± = Li±iL2 
R± = Ri±iR2. 

The quadratic Casimir operators of the two su(2)'s are equal: 

'2 r2 I t2 I t2 n2 ry2 , n2 , Ty2 



(A.4) 



L^ = Li + ^ + ^ = R^ = Ri + Ri + Ri = -I4 + 1 (A.5) 

The centralizer of SU{2)i x SU{2)r within 5*0(6,2) is 5*0(2,2), which also decomposes 



as 



SO{2,2) = SU{l,l)i^x SU{1,1)^ (A.6) 

where SU{1, 1)^ is generated by K^,K^ and A and SU{1, 1)9^ is generated by J± and Jq. 
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In their compact bases the generators of SU{1, l)^ and SU{1, 1)9^ take the form 



2+ = --[A-i{K+- 


-K-)] 


Q_ = -^[A + i{K+- 


-K-)] 


2s = l{K++K.) 





and satisfy the commutation relations: 

[£+,£_] = -2 £3 
[9^+,9^_] = -21H3 

Their quadratic Casimir operators 



£2 = £3^-^ (£+£- + £-£h 



-— ^ 


^0 + ^ ( J+ - 


-J-) 


---, 


^o-^(J+- 


-J-) 


^3 = -^(J+ + J-) 




[£3,£±] = ±ii± 




[9^3,5^±]=±9^± 





(A.7) 



(A. 



coincide: 



S? = 'R^ 



m^ = 9^32 _ 1 (fH+in_ + <n_<H^ 



7X4 + 1 



(A.9) 



(A.IO) 



Thus the quadratic Casimirs of SU{2)i, SU{2)ji, SU{1, l)z and SU{1, 1)9^ are all equal within 
the minimal unitary realization of S0{6, 2). 

B. The compact 3-grading of SO*{S) with respect to the subgroup SU{A) x 
Uil) 

The Lie algebra so* (8) can be given a compact 3-grading 

so*(8) = e:-ee:°ee:+ (b.i) 

with respect to its maximal compact subalgebrasu(4)©u(l), determined by the u(l) generator 



The operators that belong to the grade 0,ibl subspaces are as follows: 



(B.2) 



V^-iV^)eN_(B[A + i{K+- K_)] 



Urn. i U rr 



S±fl © ^±,0 © ( iVo - 2 (^+ + K-. 



Um + iUm) © [Vm + iV^j © (^[/™ - i f/'" j © {^V"" - iV' 

(U"" + iC/™) © (V"" + iy™) © iV+ © [A - i {K+ - K^)] 



(B.3) 



H 
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It is convenient to express the generators of the su(4) subalgebra in €^ subspace in its 
su(4) D 5u{2)s ® su(2)^ © u(l) J decomposition, where 



J = No-^{K+ + K.) 



(B.4) 



determines a 3-grading of su(4). We note that S±fi and ^±,0 were given in equations (| 
and (4.1C1|). The remaining generators of su(4) are given by 



C 



Im 



c 



Im 



^ m \ 'i' U -ry 



C, 



2m 



U" 



iU" 



c 



2m 



Then the 5u(4) algebra becomes 



am QK 
J „i , D 11 



n' ^ 'J V 



rfc' Q'm' £Tn' nk' 
0^/ O If — Oj/ O ml 



M' ^ I 



Am Ak 

^ n 1 ^ 



^m. ~r 1 Vrr 



V^-iV 



xk /im rm Ak 



(B.5) 



C' 



1 '^n'n 



rm am , rm /im , rm em j 
On ^ n' +0n' ^ n + ^n' ^n J 



(B.6) 






k'm 






m! /^k'm 



_ em (-1, 






m'k 



rfc /~im'm 



A*" f^iTi'k 



where we have labeled the generators of su(2)5 and su(2)a as 5™ and ^™, respectively: 



Si — —S 2 — 5*0 


5^2 


^\ = -A\ = Ao 


^^2 


'e shall label 't^ operators as 




^rn ^ 9 1 ^Tn ^ '^m 




^m= 2 (^™-^V;n) 




iV_ 





A, 



5^1 

A\- 






5- 



(B.7) 



B^ = -[A + i{K+-K^)] 
The commutators [C^^ , C^] close into G^": 

[^ ) -^+J = +^mn C 
\Xm ) B^l = Cim 

[iV_ , A^+] = ii" + J 






C/'" + i C/'^ 



^{V^ + iV^ 



(B. 



--[A-i(K+-i^_)] 



[iV_ , -B+] = 

V^m ) -^+J = ~^mnC 
[Zm , B^] = C2m 

[S_ ,B+]=H-J 



(B.9) 



The quadratic Casimir of this subalgebra su(4) is given by 

C2 [5U(4)] = 5™:^!, + A^A^^ + {c"''"'Cm'm + C^'mC^'"") + j' 



(B.IO) 



49 



C. Transformations between 50(6,2) oscillators q and S0*{8) oscillators am, 

The minrep of SO {6, 2) can be related to the minrep of SO* (8) very simply by rewriting the 
oscillators a^, ^m and a™, 6™ in terms of Cj and q as follows: 



«i = — /|(ci+^C2) a =— =(c{-icJ 



-^(C3 + .C4) "=7!(^ 



-y={c3-iC4) b^ = -j=(^cl + icl 



—={cx-iC2) b =— =(^cl+z4 



Ls- 


-^^0 


R3- 


^So 


^3- 


^No 


L+- 


-> i A+ 


R+- 


-^iS+ 


m+- 


-^-iK 


L_ - 


-^ -iA_ 


R- - 


^-iS- 


m. - 


-^iiV_ 



Then it is easy to see that we have the following mapping between the subalgebra su(2)i© 
5u(2)r © su(l, 1)<R of so(6, 2) and the subalgebra 5u{2)a © su(2)5 © su(l, l)Af of so*(8): 



(C.2) 



The relation between su(l, 1)^ of so(6, 2) and su(l, 1)k of 50*(8) is quite straight forward. 

D. The superalgebra osp(8*|2A^) in the 5-grading with respect to the subsu- 
peralgebra osp(4*|2A^) 

We gave the explicit realization of the superalgebra osp(8*|2iV) in the 5-grading with respect 
to the subsuperalgebra osp(4*|2A^) in section ^. In this appendix, we provide the commutation 
relations between the generators of osp(8*|2A^) in this basis. 

The (super-)commutation relations between the generators of grade zero subspace q^^' = 
05p(4*|2iV) are as follows: 

{n^, , n"^} = 5:. A-^ - 51 M% + 5^, C No {n_ , S„^} = emu 6\ N_ 



1 



[AZ 


, Hfc, 


] = -Cn„. + -Cnfc. 


[AZ 


,S/ 


] = -Cs„'^ + ^Cs/ 


*-'rs ) 


iT' 


= 5i^"l + 6l^- 


Jrs 




= -6iUms - SlUmr 


[M^s, 


n^i 


] = -6lUms 


[M'S 


y *" 


= ^1^:. 


[Srs, 


n„t 


]=0 



=rnr 



[N. , Umr] = 

[N- , S^] = 

[iVo,n^r] = --n^ 



(D.l) 



1 



^0, S^] — "2 ^m 
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The anticommutators between the supersymmetry generators in g' ^' and g^^^' (given 
in equations (8^) and ( ^.171) ) close into the bosonic generators in g^^': 



[Qt , Q"} = -(5^ a - 2i 51 To + 2i M% {q^ , S'^ = -2i <5^ T_ 

^Sr , S'^ = -5'r A + 2i 6-^ To + 2i M\ \Sr , Q'} = -2i ,5^ T+ 



(D.2) 



Finally, the commutators between the bosonic (even) and fermionic (odd) generators of 
g'^^) and g'^^^ subspaces close into the fermionic (odd) generators of g''^': 



^m , Qr 


= 


K^,Qr 


= +2iUmr 


Um , Q' 


= -2zE^ 


'm 1 H; 


= 


f-^m 1 ^r 


= -2iIimr 


I'm 7 '-'r 


= 


Um , S'' 


= 


Kn,5^ 


= -2iS^ 


^r ; '^m 


= 


Qr, V^n 


— ~r-^^ -^-L-^T^r 


Q' , Um 


= -2^S^ 


Q'" , Vm 


= 


Or 5 '^m 


= Zl li-rar 


Sr.Vm 


= 


S\Um 


= 


S\Vm 


= -2iS^ 



(D.3) 



(D.4) 



E. The superalgebra osp(8*|2A^) in the 3-grading with respect to the subsu- 
peralgebra u(4|A^) 

As shown in section P, the superalgebra osp(8*|2A^) has a 3-graded decomposition with respect 
to the subsuperalgebra u(4|A^). In this appendix we give the explicit form of the remaining 
bosonic and supersymmetry generators and some useful (super-)commutation relations among 
them. 



The commutators [€- , <t'^] close into <t : 

[Ym,Z^] = 6ZT, 

[Ym , -^+] = -^^mn C 
\Ym , B^l = Cim 

[iV_ ,N+] = Hb + J 



[Zm 1 Z 

[N- , B+ 

[Zm , N+ 

[Zm , Bj^ 

[B- , B+ 



^m Bb - l^m 2]) + ^" 



_ f-tln 

C2m 

Bb-J 



(E.l) 
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where the generators C™" and Cmn are coset generators 5C/(4) / [SU{2)t x SU{2)a x f/(l) j] 
defined below. 

The su(4|iV) part of (T" has an even subalgebra su(4|A^) D su(4) (B5u{N) ©u(1)d, where 
the u(l)/) charge and su(A^) generators are given by 



M-^ = a^as - M' - ^ K Mo 



(E.2) 



The generators of su(4), in its 5u(4) D su(2)r©su(2)A®u(l) j decomposition, are realized 
as follows: 






A+ = a^a2 + 6^62 
A^ = aio^ + bih^ 

Aq = - {a^ai - 0^02 + b^bi - 6^62) 



(E.3a) 



= --ix^ +p^) - 



.2\^^ + l)+\i^- + ^b) + l 



L'lm — r) ' ^m y ^ ^rt 



- {x-ip)am 

2 X 



C^™ = 


1 

2 


([/'"-it/™' 


= ^(x + .p)a™-i 


C2m = 


1 

2 


V™ + i Vm) 


= - (x- ip)fe„ + - 
2 X [ 


/^2m 


1 

2 


V™ - i y™' 


= -{x + ip)b"' + - 



To + T I Om + T'-ftji 



To - - ) a™ + r+6" 



^0 ~ T 1 ^m ~ T+Um 



To + - ) 6" - T.a" 



(E.3b) 



(E.3c) 



One half of total supersymmetry generators of osp(8*|2iV) belong to grade zero space, as 
part of the subsuperalgebra su(4|A^). Below we list these 8A^ supersymmetry generators: 



Qr = 7; [Qr + iQr] = ^{x-ip)ar 

2 \ / 2 X 

6r = 7: [Sr^iSr] = i:{x - ip) ^r ^ - 

2 \ / 2 X 



& 



1 



S'' -iS' 



2 X 









To + - ]ar+T.l3r 



To--)a'-+T+/3^ 



^0 - ^ I /3r - T+ar 
To + ^V^-T_a^ 



(E.4) 
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Under supercommutation, they close in to the bosonic generators of su(4|iV): 






-(5^ To + M'^ + 6'^D 
+5; To + M% + 5',D 
^l -4" + 61 M'', + S' 51 D + S' 51 J 






(E.5) 



51 G 



These super symmetry generators in <t satisfy the following (anti-)commutation relations: 
{Qr , m = +5t. To - M%. + 51Hq-^ 5: Mo 



{Gr,&} 



-5:. To - M', + 5',Hq-- 5', Mo 



(E.6) 



{U^r , n"'} =5-^A^- c M-% + C K A^o - ^ C K Mo 

{Urnr , Q^} = —5r C2m 
{limr , &^} = +5r Cim 

The commutators between bosonic operators in <t~ and supersymmetry generators in C^ 
are as follows: 



[Yn 


m 


= S„^ 


[Yn 


&] 


= 




Yn 


IT'-] 


= +C6' 


[Zn 


m 


= 


[Zn 


&] 


— yr 

— ^n 




Zn 


IT'- 


= -Cn^ 


[N- 


£21 


= 


[N- 


&] 


= 




"iV„ 


rr^' 


^mn v ^ 

— e 2j„ 


[B- 


£21 


= Q' 


[B- 


&] 


= &- 




B^ 


n""-] 


= 


[Sst 


£21 


= -2 5ie,) 


[Sst 


&] 


= +2 5[, 


% 


Sst 


rr^' 


= 2<5[,S7) 



(E.7) 



Note that we have used the notation "(st)" to indicate symmetrization of indices s and t with 
weight 1. 

The anticommutators of supersymmetry generators in ^ and those in (f^ can be written 
as 



{£2. 


£2^} 


= KB+ 


{3- 


£2^} 


= 


{©r 


0^} 


= 


{& 


£2^} 


= +3"-' 


{s™ 


£2^} 


= +5; y™ 


{k: 


£2^} 


= 



{a 


©4 


= 


{a.. 


r!"^} 


= -5; Z" 


{5^ 


©^} 


^_^r. 


{5- 


n"^} 


= 


{©r 


©4 


= 5^5+ 


{§„ 


n"^} 


= +5'^ y" 


{©^ 


©4 


= 


{§•■ 


n"^} 


= 


{s- 


©4 


= +5; z™ 


{s™ 


n"^} 


= -e™" <5; TV. 


{s^^ 


©4 


= 


{^:: 


r!"^} 


= -C^^^ 



(Ei 
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